
11) 096 162

AUTHOR
TITLE

INSTITUTION

PUB DATE
NOTE
AVAILABLE PROM

EDRS PRICE
DESCRIPTORS

DOCUIRIT RISME

88 01$ 462

Austin, Charles M., Ed.; And Others
A General Survey of Progress in tho Last Twenty-rive
Years. National Council of Teachers of Mathematics,
Yearbook 1 (1926].
National Council of Teachers of Jathematics, Inc.,
Washington, D.C.
26
217p.
National Council of Teachers of Mathematics, Inc.,
1906 Association Drive, Reston, Virginia 22091

MP-$0.75 MC Not Available from !DRS. PLUS POSTAGE
Achievement; *Curriculum; Evaluation; *Historical
Reviews; Junior High Schools; *Mathematics Education;
Objectives; *Reference Books; Research; Testing;
*Yearbooks

ABSTRACT
Chapter 1 highlights the work of the International

Commission on the Teaching of Mathematics, the National Committee on
Mathematical Requirements, and the College Entrance Examination
Board. Modifications in the arithmetic and algebra curricula are
discussed at some length and changes in the geometry curriculum are
indicated. Following a reprint of E. H. Moore's address to the 1902
meeting of the American Mathematical Society, chapter 3 presents data
to show the state of mathematics achievement of public school pupils
and offers specific guidelines for improving this scholarship. Use of
objectives, drill procedures, and the idea of general mathematics are
discussed in detail. The next chapter considers developments in the
testing movement as they were related to mathematics education.
Particular attention is paid to standardized achievement tests, their
misuses, and their correct place in mathematics education. Chapter 5
traces the history of the junior high school movement and thti
development of its mathematics curricula. The remaining four chapters
deal with research in arithmetic, the relationship of mathematics to
the general public, high school math clubs, and a bibliography of
school mathematics books. (LS)
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FOREWORD

At the 1025 annual meeting of the National Council of
Teachers of Mathematics, a motion was passed directing the
President to appoint a uommittee to prepare and present a
Yearbook at the next meeting. This volume represents an
effort to fulfill the obligation of that motion. Such merit as
it. may have obviously belongs to the many who have contrib.
rated to It. The President or the National Council and the
Chairman of the Yearbook Committee assume responsibility
for the mistakes in judgment and for mechanical errors.

After discussion with many teachers a lieneral Survey of
Progress in the Past Twenty five Years in the Teaching of
Mathematics in the United States was chosen tut the general
theme of the Yearbook.

Since this era of progress seems to have been inspired by
the Address of Professor E. IL Moore before the American
Mathematical Society in 1902, it is fitting that. his address
should have a prominent place In this book. To Professor
Moore OI t111 the others who have contributed 50 ably and
generously the committee and all teachers of mathematics are
under a great obligation.

The members of the Committee and the Council are especial.
ly indebted to Professor Raleigh &hoe ling for editing the
publication of this volume. It is due to his faithful work that
he book is ready for distribution at the appointed time.

With the hope that this Story of Progrems will inspire more
interesting and effective work in all th0 schools of the country,
this Yearbook is respectively submitted.

Yearbook Committee

Charles M. Austin, Chairman.
harry 7elInglish
Will:atu Betz
Walter C. Lells
Prank C. Touton
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A GENERAL SURVEY OF THE PROGRESS
OF MATHEMATICS IN OUR HIGH

SCHOOLS IN THE LAST
TWENTY -FIVE YEARS

BY DAVID BUMS SMITH

I. EARLY ATTEMPTS A T IMPROVING THE SYLLABI

At the beginning of the present century the syllabi in math
matics in the American high schools were determined largely
by the requirements for entering our colleges. As a rule
examinations were set by each college for its own candidates,
the requirements being dictated by the department of mathe-
matics.

As President Butler said in an address delivered on Novem-
ber 6, 1925,"Twenty-five years ago, the colleges throughout
the United States were going their several ways with sublime
unconcern for the policies of other colleges, for the needs of
the secondary schools, or for the general public interest. They
regarded themselves as wholly private institutions and each
indulged in some peculiar idiosyncrasy having to do with the
admission of students to its freshman class. The colleges
made no attempt to agree among themselves, either as to
what subjects should be prescribed for admission or what
content should be given to any particular subject. The several
colleges held admission examinations when it was most con-
venient for them to do so, and, with the rarest of exceptions,
only at the college itself. No secondary school could adjust
its work and its program to the requirements of several col-
leges without a sort of competence as a pedagogic acrobat
that was rare to the point of nonexistence. The situation
would have been comic were it not so preposterous."

The purpose of the examination at that time seems to have
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been chiefly to assure the entrance of students who gave at
least a fair degree of promise of becoming mathematicians,
Although set by such a large number of different examining
bodies, the subject matter was fairly uniform, based as it was
upon a tradition that was generally known throughout the
country.

In 1902 a committee of the American Mathematical Society,
on "definitions of college entrance requirements," made a
recommendation that elementary algebra should cover the
usual topics through progressions; that higher algebra should
cover permutations and combinations, the applications of
mathematical induction, logarithms, theory of equations (with
graphic methods), Horner's method, determinants, and com-
plex numbers; that plane geometry should cover "the usual
theorems and constructions of good standard text-books, the
solution of original exercises, applications to problems of
mensuration of lines and of plane figures, and to loci prob-
lems," and similarly for solid geometry. Plane trigononetry
was to cover the six functions, the "proofs of principal for-
mulas," logarithms, and the solution of triangles.

This report was evidently rather inclusive through its very
lack of precision. It kept open the way for every eccentric
examiner to propose almost any question he wished, and yet
it served fairly well as a starting point for reform. At any
rate, it was the expression of a national instead of a local
opinion.

In the year 190L the College Examination Board was
organized. This was a great step in advance. It sought t,-,
unify the examinations and to prepare them with much
greater care than was usually the case with local efforts. It
also gave an opportunity for the schools to be consulted by
and become a part of a central orgenization, thus being
represented in the preparation of the pagers. While the range
of the examinations soon became that which was set by the
committee of the American Mathematical Society, and was
therefore rather indefinite as to limitations, the papers them-
selves became more standardized and represented in general a
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better selection of material. The traditional still played a
leading role, but at last there was some hope of modernizing
the syllabus and there was a feeling of assurance that this
improvement would in due time be realized.

Tradition still demanded the retention of a large amount
of abstract manipulation of polynomials, including long prob.
lotus in the multiplication and division of integral and frac-
tional expressions, with extended work in the finding of roots,
in factoring, in lowest common multiple, and in highest com-
mon factor, and with equally useless manipulations of complex
tractions and radicals. Simultaneous linear equations ex-
tended to four and more unknowns, and simultaneous quad-
ratics of the trick variety were in evidence. As to the higher
algebra it is not necessary to speak, since that concerned and
still concerns a relatively small number of pupils, these being
a rather selected lot who always look forward to a certain
amount of work in college mathematics.

Geometry was still more stagnant, as would naturally be
expected of a subject hat had been many centuries longer
in the making.

In neither subject did there seem to be any clear conception
of the purpose of teaching mathematics in the twentieth cen-
tury as distinguished from that which came into being with
the rise of analysis and algebraic symbolism three hundred
years ago.

It is hardly necessary to consider other syllabi. In general
they were more conservative than the somewhat indefinite
ones followed by the College Entrance Examination Board and
suggested by the committee of the American Mathematical
Society, and they showed a lower range of scholarship.

II. INFLUENCES FOR THE BETTERMENT
OF THE COURSES

In the period in question there were various influences mak-
ing for the betterment of the syllabi and of the courses offered
In the schools. These include the following:

1. The work of the International Commission on the Teach-
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ing of Mathematics, serving as it did, to let American teachers
see the curricula of the best types of secondary schools in
all the other leading countries of the world and to compare
our progress with that which is found abroad. Naturally this
compariso a showed us that conservatism existed elsewhere
as well as here, but it also served to show that various other
countries were ahead of us in achievement and that it was
well for us to ascertain the cause and to see if we had any
advantages to counterbalance this apparent disadvantage. A
brief statement of the work of the Commission is set forth in
Section III of this survey.

2. The work of the National Committee on Mathematical
Requirements. This committee was appointed by the Mathe-
matical Association of America in 1916 and was financially
assisted by the General Education Board. Its investigations
were thorough and its report was fully considered by rep-
resentative associations of teachers throughout the country.
It made a careful study of the purposes which should deter-
mine the teaching of mathematics in our secondary schools
and suggested a syllabus which should eliminate non-essentials,
retain those things which should best meet the needs of pupils
of the present generation, and introduce such modern material
as should strengthen the work without attempting to make
it unreasonably difficult. The nature of the report of this com-
mittee is briefly summarized in Section IV. Since certain
portions of the report itself were the object of study and
discussion all o,.er the country for at least two years before
they were finally approved, and since the complete rep .Mt has
been very widely circulated and discussed, its influence has
been very great.

3. The revised requirements of the College Entrance Ex-
amination Board. These were prepared by a commission ap-
pointed by the Board in 1922. They were reported in 1923 and
are now the basis of the examinations. They represent the
combined judgment of the colleges and the secondary schools
and are thus no longer subject to the criticism that the college
is assuming undue rights in dictating what shall be taught
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In the high school. They are more precise than any others
that have been heretofore set forth for the guidance of schools,
and even where schools are not preparing for these examina-
tions they have tended to set a new standard and to eliminate
much of the work for which no reasonable justification could
be found. The work of this commission is set forth more fully
in Section V.

4. The rise of the Junior High Schools. The rise of thae
schools, a development of the "six-and-six plan," is one of
the most significant movements in the last quarter of a cen
tury. Not hampered in its early development by any examina-
tion system, this type of school was free to formulate its own
course and to set its own standards. The result was a more
uniform curriculum than at first was thought probable. It
enabled our schools to introduce intuitive geometry in a
satisfactory manner in Grade VII, to allow algebra to grow
naturally out of the need for the formula in connection with
this geometry, to show that a simple form of trigonometry
grows out of algebra, and to give some slight notion of t4
significance of a demonstration. At the same time it con
tinned the work in arithmetic as applied to the intuitive
treatment of geometry, as related to algebra, and as bearing
upon the every-day needs of our people. The result was a
perfectly natural correlation of the various parts of elementary
mathematics that are suitable for this school period, a process
of discovery of mathematical ability, and an interesting type
of work that had been lacking in the older kind of arithmetic
and algebra which it displaced. Courses differed in different
schools, but this was rather in unimportant details than in the
large features. Although the plan has not met with universal
approval, the general feeling has been very favorable to it and,
with progressive and well-trained teachers, the new curriculum
has been decidedly successful.

5. The work of the schools of education in the universities.
As effective agencies in any noteworthy improvement in teach-
ing, these schools may be said to be largely a product of the
twentieth century. Naturally their achievements have been
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manifested largely in the line of mental measurements which,
for our purposes include various types of tests. The results
have been very encouraging, although the published tests have,
as stated later, had one unfortunate feature that has to a
great extent counterbalanced the good which might have been
accomplished and which will eventually result when they are
prepared with more care. In general, however, these schools
of education have shown that mathematics can easily be
adjusted to the capacities of young people, while the capacities
of these pupils cannot be so readily adjusted to the oldstyle
mathematics; that the science can be made part of the lives
of children as well as those of adults; and that students may
rightly expect to enjoy learning as they enjoy other phases of
life. Whether this attitude of mind in the work of the school
has lowered our ideals of scholarship is a mooted question,
but that it must necessarily do so can hardly be asserted by
anyone who carefully considers the future work of ou, schools.
In any case our departments of education have, through their
experiments and their studies, created a healthy spirit in our
schools and have of late become more internationally minded
in their outlook. Although they have not fostered sound
mathematical scholarship as much as we might wish, they
have probably done so as fully as present conditions permit,
and it must be recalled that their work is still in its infancy.

6. The textbook. Among the various influences that have
worked for the progress of mathematics in the last twentyflve
years it is but a just tribute to the makers of textbooks to
say that the progress that has been made would have been
absolutely impossible without their aid. While certain books
have appeared that were impossible as aids to instruction, and
while commercialism occasionally enters into an effort of this
kind, it is only fair to say that a large majority of textbooks
on mathematics have been prepared solely with a view to assist
in the bettering of instruction in our elementary and high
schools. There is no other country in the world that produces
as fine pieces of bookmaking as those issued from our best
presses. At the same time, in no other country is the work
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set forth in such textbooks with US great attention to the
needs and interests of children as is found here, and in none
has the advance in teaching been so mph). On the other hand,
in sound scholarship many foreign books surpass ours, but
nom, In meeting the practical needs of the people.

1. The Spirit of the Times,--a phrase which certain writers
assert has no meaning, but which is convenient as representing
the mass psychology of the moment. At any rate, within the
past quarter of a cerbtury there has been a general recognition
the world over that e traditional education of the lineteenth
century is not adaptA to present conditions; that there must
be a wellaceepted reason for teaching algebra or else the sub -
ject must be discarded, and similarly for the other mathe-
matical disciplines. The result of this feeling has been very
salutary as may be seen in the present requirements in mathe-
matics as set by the College Entrance Examination Board.

THE WORK or THE INTERNATIONAL
COMMISSION

The section on philosophy, history, and instruction of the
Fourth International Congress of Mnthematicians, held in
Rome, April 0 to 11, 1908, submitted to the Congress a resolu
tion to create an International Commission on the Teaching of
Mathematics. The suggestion was indorsed by the Congress on
April 11, and an organizing committee was appointed consisting
of Professor Klein of Otittingen, Sir George Greenhill of Lon-
don, and Professor Fehr of Geneva, beside.; others appointed
immediately thereat r. Delegates were afterwards chosen
from the countries which had taken part in at least two of
the congresses. The result was the publication of a large
number of reports showing the nature of the work done in
mathematics in schools of all types throughout most of the
world. In the United States reports were prepared relating
to various topics, including the following

(1) Mathematics in the elementary schools; (2) Mathe-
matics in the public and private secondary schools; (3) Train-
ing of teachers of elementary and secondary mathematics; (4)
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Influences tending to improve the work of the teacher of
mathematics; (51 Mathematics in the technological schools of
collegiate grade; (6) 'Undergraduate work in mathematics in
colleges of liberal arts and universities; (7) Mathematics at
West Point and Annapolis; (8) Graduate work in mane-
mans in un Iversitieh ; (9) Report of the American committee;
(10) Curricula in mathematics in various countries; (11)
Mathematics in the lower and middle commercial and in-
dustrial selmols of various countries; (12) The training of
elementary school teacher's in mathematics in various coun-
tries; 13) The training of teachers of umthematies for the
secondary Schools in various countries. Allied to this work
there were published two other bulletins as follows: (1)
Bibliography of the teaching of mathematics, 1900.1912; (2)
Union list of mathematical periodicals taken by the larger
libraries in the United States.

These reports were published by the United States Bureau
of Education in the years 1911.1918 and were widely circulated
in this country. They served to show to our schools the range
of our system on instruction in mathematics and the general
purposes in view in the various types of school. Perhaps the
chief value to our country, however, was the comparison which
was thus made possible between the work done here and that
done in the other leading countries of the world. This showed
that we were distinctly behind other countries, as to subject
matter, particularly after Grade IV, although we might
properly claim to be at least equal to them in the spirit of the
work done in our schools. It raised the question, however, as
to whether a good spirit could compensate for poor work, and
it caused a large amount of discussion in bodies of teachers
throughout the county. The past ten years have shown some
gratifying results of this discussion.

IV. THE WORK OF THE NATIONAL COMMITTEE
ON MATHEMATICAL REQUIREMENTS

The work of the National Committee is too well known for
detailed remarks. It is set forth in its report, The Reorganize,-
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!ion of Mathematics in Secondary Bducation, published in 1023
by the Mathematical Association of America, under whose
auspices the Committee was established. This report. was pre-
pared In close cooperation with bodies of teachers through-
out the country. It set forth very clearly the aims of mathe-
matical instruction in the several years of the junior high
school, the senior high school, and the older type of fourear
high school. It presented the model courses for these several
types of school end made suggestions for carrying out the
work. It considered the question of college entrance require-
ments, the basal propositions of geometry, the role of the
function concept, and the terms and symbols which might
properly have place in the schools. It fostered various other
investigations, including the present status of the theory of
disciplinary values, the theory of correlation applied to school
grades, a comparison of our curricula with those in use abroad,
experimental courses in mathematics, standardized tests, and
the training of teachers.

It is not too much to say that the advance in the teaching of
mathematics in our secondary schools in the last decade has
been due In large part to the work of this committee. since
the report is available in most high school and public school
libraries in the country, it would only seem to lessen its value
to attempt any further r6sume of its contents.

V. THE INFLUENCE OF THE COLLEGE ....NTRANCE
EXAMINATION I3OARD

No other influence in the reform of the teaching of mathe-
matics in our secondary schools of the present time has been
more potent than that exer`ed by this hoard. Often thought
to be very conservative and to represent the views of the college
professor alone, it has shown itself in the best sense radical
in its reforms, and representative of the secondary schools to
fully as great a degree as of the colleges. Among its reforms
only the most noteworthy can be mentioned in this brief
report.

In algebra it has eliminated the extended and largely use-
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lees manipulation of polynomials in connection with the
elementary operations. It distinctly says;

"It is not expected that pupils will be called upon to perform
inng and elaborate multiplications or division of polynomials,
but that they will have complete mastery of those types that
are essential in the subsequent work with ordinary fractional
equations, and with such other topics as are found in elemen-
tary algebra. In other words, these operations should be
looked upon chiefly as a means to an end."

Thus in two sentences it has struck out a large amount of
entirely useless and uninteresting work that had cumbered up
the inherited course.

It then eliminated most of the work in factoring, a subject
which begun to occupy an undue amount of space in the closing
quarter of the nineteenth century, reaching its culmination at
the opening of the present one. The requirement was reduced
to only three types,

( 1 ) Monomial factors ;
(2) The difference of two squares;
(3) Trinomials of the type s.2+p,r+q
When we consider the fact that the subject was used almost

exclusively in those fractions w ?quations which were made
up merely for the purpose of using it, the board's attitude
was most salutary. Indeed, from the standpoint of practical
use it may be doubted if the value of the factoring of a quad-
ratic trinomial is not even now overrated.

The requirement in fractions has been simplified, and the
..esult has been the elimination of long and useless operations
that consumed time and led to no worthy end. The report
says:

"The meaning of the operations with fractions should be
made clear by numerical illustrations, and the results of alge-
braic calculations should be frequently checked by numerical
substitution as a means of the attainment of accuracy in arith-
metical work with fraetions."

The requirement includes complex fractions of about the
following degree of difficulty:
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a al-3b a c

12+ b- c 5d 6+ ii
c, a 31)' nt p'
a c-I-5d

_ _ ____
n ti

This is a great gain over the plan of even a dozen years
preceding. Such forms as those here given actually enter into
the simple formulas which the pupil will see in elementary
science. They can therefore be justified.

Furthermore, ratio is treated merely as a case of simple
fractions, and proportion is treated as a simple type of frac-
tional equation, so that at once the whole subject has been
simplified materially,indeed, as a separate topic, it is sub-
stantially discarded. Such terms as "alternation" and "com
position" have naturally been abandoned by this action.

The position of the formula is a great advance over what
was the case a generation ago. Few would now deny that the
formula is the element of algebra that will be most often used
by the student when he begins his serious work in science.
This should therefore be the subject of greatest emphasis in
the first year's work. The commission of the Board recognizes
the fact and has this to say with respect to promoting the
subject:

"In the work done with formulas, the general idea of the
depedence of one variable upon another should be repeatedly
emphasized. The illustrations should include formulas from
science, mensuration, and the affairs of everyday life.
Throughout the course, there should be opportunity for a
reasonable amount of numerical work and for the clarification
of arithmetical processes."

The graph also has the proper kind of recognition, being
introduced for the definite purpose of illustrating and making
more clear the formulas ne led in science and in business.

In the subject of lineal equations the pupil is no longer
expected to solve an array of abstract types that admit of no
application, but to devote his energies to the solution of those
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types which have some chance of being used For this reason
the first year's work excludes cases with three or more un-
knowns. The report further makes the statement

"Besides numerical linear equations in one unknown, in-
volving numerical or algebraic fractions, the pupil will be
expected to solve such literal equations as contribute to an
understanding of the elementary theory of algebra. For ex-
ample, he should be able to solve the equation

s ar" a
r 1 for a.

"In the case of simultanrous linear equations, he should be
able to solve such a set of equations as

ax+ by =
cx +dy =1,

in order to establish general formulas. But the instruction
should include a somewhat wider range of cases, as for ex-
ample:

ax +(a+b)y =ab, ax+by=ab,
or

ax ab, lx+(t+:.>
"The work in equations will include cases of fractional

equations of reasonable difficulty; but, in general, cases will oe
excluded in which long and unusual denominators appear and
in which the common factor of the denominators, or the low-
est common denominator, cannot be found by inspection.

"Problems in linear equations, as in ratio, proportion, and
variation, will whenever practicable be so framed as to ex-
press conditions that the pupil will meet in his later studies."

In the latter part of the first year's work two notable
improvements have been made. The first relates to the simpli-
fication of the work in surds, an inheritance from the past that
has lost much of its former significance. The report considers
exponents and radicals under the following head:
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1. "The proof of the laws for positive integral exponents.
2. 'The reduction of radicals, confined to transformation

of the following types:

0123= a b , V b b

a
4a

=
a

I a
;a4 a

and to the evaluation of simple expressions involving the
radical sign.

3. "The meaning and use of fractional exponents, limited
to the treatment of the radicals that occur under 2) above.

4. "A process for finding the square root of a number, but
no process for finding the square root of a polynomial.

"In all work involving radicals, such theorems as

6 = a and ,f Nici may be assumed. Proofs of
Y 6= Vb

these theorems should be given only in so far as they make
clearer the reasonableness of the theorems; and the reproduc-
tion of such proofs is explicitly excepted from the require-
ments here formulated."

The second noteworthy feature of the latter part of the first
year is the introduction of simple numerical trigonometry.
This is made possible by the elimination of a considerable
amount of relatively useless material and by the selection of
the minimum essentials of the subject.

Upon the range of this work the report recommends the
following :

"The use of the sine, cosine, and tangent in solving right
triangles.

"The use of fourplace tables of natural trigonometric func-
tions is assumed, but the teacher may find it useful to in-
elude some preliminary work with three-place tables.
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"The recognition of the fact that the pupil should acquire
facility in simple interpolation; in general, emphasis should
be laid on carrying the computation to the limit of accuracy
permitted by the table."

With respect to geometry the Commission makes three note-
worthy recommendations:

1. That the number of "hook theorems" required on any
examination shall be materially reduced; in fact, only eighty-
nine theorems are incluled in the syllabus for plane geometry,
and of these only about a third are required for examination
purposes. This allows plenty of time for the important sub-
ject of "originals," a subject which has assumed an entirely
new position of importance within the last quarter of a cen-
tury.

2. That a year's course involving both plane and solid
geometry be allowed in place of the single course in plane
geometry. This allows a pupil to secure a fair knowledge of
both phases of the subject in a single year. This is rendered
possible by the reduction to fifty-nine of the number of prop-
ositions in plane geometry and to twenty-four as the number
required for examination, with a similar reduction in solid
geometry.

3. That there be offered a certain amount of work in men-
suration of a type more frequently met with in various lines
of industry. The treatment of this work is modern in spirit
and the work itself is outlined in the commission's report.

In brief, the report shows a tendency to break away from
too much formalism, to depend much more upon originals, to
combine plane and solid geometry (if desired) in a single year,
and to approach European standards in the field of practical
mensuration.

VII. THE PROGRESS OF ARITHMETIC

Some idea of the progress of arithmetic, of the type used in
the junior high school, in the period in question may be ob-
tained by a comparison of the nature of the topics as set forth
in some of the most prominent arithmetics of the close of the
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nineteenth century with that of the present time. The follow-
ing synoptic presentation of the case shows the nature of the
changes that have taken place in this brief period:*

Then

Arithmetic of special and unusual
occupations. For example,

alllgntion
equation of payments
arbitrated exchange
partnership involving time
true discount
gown!' av,.rage
tax collectors' commissions
marine insurance
partial payments
measurement of hogsheads,

granaries, and cisterns
Obsolete processes. For example,

greatest common divisor and
least common multiple of
large numbers

Work with loug and unusual
fractions

Arithmetic progression
Geometric progression
Cube root
Present worth:

at simple interest
at compound interest

Troy weight
Extensive work in compound num-

bers of unusual types
Gregorian and Julian calendars
Proportion as a means of solving

commercial problems
Ratic without applications
No reviews except by going over

the same work
Ali topics of equal importance

Now

Arithmetic of the daily life of the
people. For instance,

arithmetic of the home
n simple bank account
the check hook
arithmetic of the store
organization of communion cor-

porations
cost of production and overhead

charges
transportation
the common industries
farm problems of today

Short methods. For example,
in making change
in checking bills
in common multiplication

eractioas limited to those of
eV, day life

Thrift and savings
Safe types of investment

Percentage related more closely to
decimals

Dec:nulls related more closely to
C. S. money

Graphs
Compound numbers limited to a

few really useful types of work
Our duty to the government
Government expenses:
city. state. national :

necessity for thrift
Systematic reviews of prin,iples

hot with new problems
Minimum essentials emphasized

Not only have such changes as these in the topics of arith-
metic been made, but even more noteworthy ones appear in
the nature of the problems. The following list, taken from a
popular textbook of a quarter of a century ago contains a fair

*This synopsis and certain other portions of this section have been
taken from the author's essay on The Progress of Arithmetic 4n
the Last Quarter of a Century, Boston, 1921
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sampling of what can be found in most of the works of that
period:

1. Find the value of [84-7X6+ (3X5)-314-9.
2. Divide

19/42 of 28/33 of 11/14 of 7 1/9 by 23/35 of Vs of 16/23 of
8/35 of 24 5/12.

3. I bought 26 yards of carpet at $1 9/10 a yard, 3 cur-
tains at $5 3/5 each, and 6 chairs at $134 each. What is my
bill? (As if we ever used these common fractions of a dollar
in this way!)

4. A vessel sailed from Portland, Me., for New Orleans
with a cargo of 1528,375 tons of ice. On the way 94.58 tons of
it melted. How much ice reached New Orleans? (The weight
of the cargo of ice is given to within 21b., which is rather close
when we consider that it probably varied 1000 lb. while being
stowed away.)

5. Reduce to ounces 5T. l0cwt. 241b. 8oz.
6. From 5 lb. 7 oz. take S lb. 10 oz. 5 drams, 1 scruple, 15

grains.
7. Find the compound interest on $4921.50 for 4 yr. 9 mo.

24 da. at 7%, using the table.
8. What is the present worth of $3180.50 payable in 2 yr.

3 mo. 21 da., when money is worth 5 1/270?
9. A, 11, and C formed a partnership. A put in $3000 for

5 mo., and then increased it $1500 for 4 mo. more. B put in
$9000 for 4 mo., and then, withdrawing half his capital con-
tinued the remainder 3 mo. longer. C put in $5500 for 7 mo.
They gained $3630. What was each partner's share of the
gain?

10. If 5 horses eat as much as 6 cattle, and 8 horses and 12
cattle eat 12 tons of hay in 40 da., how much hay will be need-
ed to keep 7 horses and 15 cattle 65 da?

11. Three men bought a grindstone 20 inches in diameter.
How much of the diameter must each grind off so as to share
the stone equally, making no allowance for the eye?
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12. A man bequeathed his property in such a way that his
wife received $7 for every $5 received by each of his two sons
and every $4 received by each of his three daughters. If his
estate was worth $250,000, what was the sum bequeathed to
each of the heirs?

13. Find the greatest common divisor of 462, 882, and 546.
14. A farmer wishes to put 336 bushels of wheat and ra6

bushels of corn into the least number of bins possible of uni-
form size, without mixing the two kinds of grain. How many
bushels must each bin bold?

15. Find the least common multiple of 2520 and 2772 and
also of 11 1/9, 14 2/7, and 33 1/3.

16. Change 268te on the duodecimal scale to the decimal
scale.

17. Multiply 3424 on the quinary scale by 234 on the same
scale.

18. Take 3/5 of 4 mi. from 7/8 of 3 mi. 18 rd. 3 yd. 2 ft.
19. Divide 19 T. 17 cwt. 29 lb. 7 oz. by 4/5.
20. Find the weight of an ivory ball 2 in. in diameter, the

weight of ivory being 1825 oz. a cubic foot. (It would be in-
teresting to see ivory sold by the cubic foot.)

11. A man walked 23 2/3 mi. the first day of a trip, 25 3/20
mi. the second, 28 14/64 mi. the third, and 26 53/100 mi. the
fourth. how far did he walk in all?

1)6) Find the value of 8 3/7 + 5 4/9 + 9 2/3 3 8/21
3 6/7.

23. Find the value of 23/49X7 3/4X9/10.
9/19 of 13 7/12

24. Find the value of
18/38 of 7 5/16

25. , Reduce 6 mi. 37 rd. 4 yd. 3 ft. 6 in. to inches, and 5/7 of
a rod to yards, feet and inches.

26. Reduce 721327 inches to miles. (The number was not
even written in periods of three figures.)

27. Reduce 7 sq. mi. 17 A. 13 sq. ch. to square chains.
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28. Reduce 9230 scruples to higher denominations.
29. Reduce 7 hr. 32 min. 46 sec. to seconds.
30. Find the sum of 10 mi. 112 id. 2 yd. 2 ft. 9 in., 12 mi.

172 rd. 4 yd. 11 in., 16 mi. 74 rd. 1 yd. 2 ft. 3 in., 19 mi. 198 rd.
4 yd. 9 in., and 39 mi. 131 rd. 5 yd. 1 ft. 7 in.

Whatever may be said of many of the problems set in our
schools today, a reading of the above list shows that there has
been a decided advance in the quality of the material and in
adapting the exercises to the needs and interests of the pupils.

As to the methods of presenting the subject of arithmetic or,
indeed, of the other branches of mathematics, this report is
not directly concerned. It is desirable, however, to call at-
tention to one change that has become more and more evident
in the last two or three decades, and that is our sympathy with
childhood, not our affection, probably not always our good
judgment, but certainly our sympathy with the child in school.
The severe discipline of two generations ago had begun to
relax at the close of the nineteenth century, and at the present
time it has become very much less pronounced in the better
type of school. The pupil has come to live the child life more
freely instead of trying to live the adult life that the world
not long ago sought to impose upon him. We have still a long
way to go to reach the goal, and we run continued risk of so
reducing the mental food supply as to make education a poor
affair and one that requires so little effort as to have neither
interest nor value. On the whole, however, the average ele-
mentary pupil gets much more joy out of his school life than
his parents did out of theirs, and his general range of know-
ledge is rather better than theirs was at the same age. It is
also probable that his powers of computation in those ordi-
nary problems of life that he is capable of understanding do
not suffer by the same comparison. In spite of the easy
fashion to deny this assertion, there seems no reason to think
that it is not perfectly true.

All this has been a distinct gain. It has not come from any
of the "methods" that loomed up so large in the eyes of the
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teachers of a generation ago, nor has it come to any great ex
tent from the results of psychological studies; it has come
largely from the use of plain common sense in adapting
arithmetic to this new view of education,that of letting the
child live as natural a life as possible while in school,and in

adapting the work in arithmetic to his mental powers at each
stage of his growth.

Perhaps the most important change of all is seen in the
purpose of teaching arithmetic. A quarter of a century ago
it was felt that the subject should be hard in order to he val-
uable, and it sometimes looked as if it did not make so much
differet.ce to the school as to what a pupil studied so long as
he hated it. The old idea that this was good for the mind and
soul was not at that time fully discarded. There was also
prevalent the idea that as many applications of arithmetic
should be introduced as the time allowed, irrespective of
whether they were within the mental horizon of the pupil or
within the probable needs of his life after leaving school. This
view has now been changed; the purpose of teaching arithme-
tic has come to be recognized as the acquisition of power to
calculate within the limits of the needs of the average well-
informed citizen. It has also cone to be recognized that the
problem is primarily designed to show a need for computation,
by giving applications that add to the interest in calculation
and by introducing the puzzle element of problemsolving,
which may add further interest. A secondary purpose of the
problem is the imparting of some knowledge of the economic
conditions, that the pupil will find in daily life, this being
presented to him in a simple manner that will make it seem
interesting and worth while,

We should not fail, moreover, to recognize the value of the
tests in arithmetic which have been devised during the past
quarter of a century. These precede by some years the tests
in algebra and geometry and have been much less open to
legitimate criticism. They have accomplished much in the
improvement of the work in arithmetic, in diagnosing
pupils' difficulties, and in the measurement of their capacities.
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It is reasonably certain that the newer tests in the high school
subjects will, when purged of certain objectionable features,
especially as to their work in traditional subject matter, ac-
complish similarly beneficial results.

VII. THE PROGRESS OF ALGEBRA

Encouraging as has been the progress of arithmetic in our
schools, the progress of algebra has been none the less note-
worthy. Twenty-five years ago the subject was usually taught
as if it were a purely mathematical discipline, unrelated to
life except as life might enjoy the meaningless puzzle. Val-
uable as the teacher might feel it to be, the majority of pupils
looked upon it as a fairly interesting way of getting nowhere.

If we were to seek the most significant step taken in the
improvement of the teaching of algebra in the last twenty-five
years, it would probably be found in the clearer vision that we
have of the real purpose of the subject. To take our current
educational phraseology, we have been concerned, and proper-
ly so, with establishing our "objectives." The purpose a
quarter of a century ago seems to have been to make math-
ematicians; the purpose today is to make well-informed
American citizens. A man or a woman is not well informed
if he or she is ignorant of the general meaning of geography,
of the -simpler natural sciences, of a few masterpieces of our
language, of the significance of foreign tongues, of the qual-
ities of good art (including music), of the social and economic
needs of people, of the nature of government, of one's duties
as a citizen, and of the significance of religion,most of these
being taught to best advantage in school. In the same way
both the man and the woman needs to know something of the
significance of mathematics.

As a result of this view of the reason for teaching algebra,
we have come to see that we should not expect everyone to
solve two simultaneous quadratic equations, although out of
an entire class there will be found a few who can do so. Nor
should we expect to have all the pupils able to factor ax2-kbx
-{-e (a useless accomplishment for most people), even though
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a considerable number will take pleasure in performing such a
task and will thereby acquire sumo special skill which they
may find useful In later work. The purpose of teaching alge-
bra is found in none of these details: it consists in giving to
everyone a general idea of the meaning of algebra, together
with a few definite and useful applications which everyone is
likely to meet. If the subject is to be valuable, the learning
should be a pleasure, and it nuts properly be expected that
this pleasure will carry the pupil into such manipulations of
algebraic expressions as will fix the habit of using algebra in
the cases to which It can be applied.*

This has led to a consideration of those topics of algebra
that are of most worth to the average citizen, and herein the
change has been very marked. If, today, the consensus of
opinion were to be taken among progressive teachers it would
probably result in the naming of the formula, the graph, the
directed number, the linear equation with one unknown, and
(by way of application) numerical trigonometry as the five
important topics to be considered. Facility in algebraic ma-
nipulation, which played such an unduly important part a
generation ago would be relegated to a relatively minor role
at the present time. Painfully precise definitions and at-
tempts at ultra scientific explanations are no longer felt to be
either necessary or desirable.

One of the most popular texts of twenty -five years ago had
eight pages of definitions and theory before a single example
was given, and out of nearly 1600 exercises in the first 1-17
pages only 111 were verbal problems and only two could lay
claim to relating to any apparent human heed. Another text
of that period gave about 1800 exercises in the first 128 pages;
of these only 109 were of the verbal variety, and only one had
any apparent application to any condition that would arise
in daily life.

Any good modern text, however, would show the need for
algebra on the first page ; would begin its real problems itn-

*For ail /1111plilleatIon or thi4 sobjert see the 1111thor'm Trilyress of
Algebra in the haat Quarter of a century, liostun. 1925.
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mediately; and would give a large number of verbal and
written exercises at once, with us many genuine applications
as reasonably possible,applicationm of CI kind that pupils can
understand and in which they will have a real interest. Some
of our modern books have more verbal problems than both
of the other two already referred to, and many times the num-
ber of genuine applications relating to daily life.

In neither of these two algebras of a quarter of it century
ago (and they were among the best of their time) was there
it single example showing the meaning of or the need for the
directed number, whereas in a good modern text the pupil %Olt
find dozens of them, not to mention numerous illustrations,
showing its value in our daily lives.

These are only a few of the evidences of progress in the pur-
pose of school algebra in the last quarter of a century,a
progress which, without exaggeration, may be characterized
as revolutionary. Probably no other subject found in the
course of study in the average high school has undergone so
marked a change.

The earlier type of algebra was arranged on the same plan
as the earlier type of arithmetic. On the theory that we
must scientifically define all terms before they can safely be
used, the book began with definitionsa plan which wonlu
make it necessary to define "elephant" before visiting a me-
nagerie, If the book gave any idea at first about the purpose
of algebra, it was that it was a science in which letters were
used in solving the most impractical sort of number puzzles.

The book next proceeded to introduce strange terms, such as
monomial, binomial, residual (now discarded), polynomial,
coefficient, and exponent,not as they were needed, but in
order to provide for their use at some time in the future.

It then took up the four operations which had been develop-
ed in arithmetic, but which have only a slight use in practical
algebra, and spent some weeks of the pupil's time in mastering
a technique that was of little valueat least in the beginning
of the science.

Having covered this ground for integral expressions, the
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book then considei'ed the question of fractions by giving work
of a type that few students would ever need in subsequent
mathematics. Linear equations were then introduced; after
which followed a large amount of work in incommensurable
numbers (involving such names as "I,urds" and "radicals"),
and then quadratics, proportions, series, and other advanced
topics. There were but few attempts to frame verbal prob-
lems, even of the fictitious type, and none to develop the real
applications of the science.

At the present time every leading writer of school algebras
is making the attempt, with more or less success, to arrange
the topics on a more rational basis. The sanely progressive
books begin with the formula and show its meaning, its prac-
tical use, and the method of deriving one formula from an-
other. This being done, the most valuable part of pure algebra
has been presented, and it is a part that, a quarter of a cen-
tury ago, was practically ignored. The graph, the negative
number, and the linear equation are then presented, the equa-
tion having already been encountered in connection with the
formula. Numerical trigonometry appears later in the course.
As to the division of polynomials by polynomials, elaborate
algebraic fractions, highest common factor and tlw lowest
common multiple, most of factoring, roots, most of the work
in surds, linear equations with more than two unkowns, and
simultaneous quadratics,the relative value of all these has
diminished greatly in the estimation of those who wish to sal-
vage the parts of algebra that the pupil will really use in his
later work.

In the matter of algebraic problems there has also been a
notable advance. Some idea of the types in current use
a quarter of a century ago can be formed by considering a few
of the best of the problems contained in a popular work of
that period:

A man, being asked if he had 100 head of cattle, replied that
if he had twice as many as he then had and 4 more, he would
have 100. How many had he?

If B were 5 yr. younger, A's age would be twice B's. The
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sum of their ages is 20. How old is each?
A's capital was 34 of B's. If A's had been $500 less, it

would have been of B's. What is the capital of each?
Paving a square court with stones at 40c a square yard will

cost as much as enclosing it with a fence at $1 yer yard. What
is the length of a side of the court?

Bought 8 horses, a number of cows, and 100 sheep for
$2500. The number of cows was equal numerically to 4 times
the price of a sheep, and a sheep and a horse cost $5 less than
1/5 the cost of all the cows. rind the cost of a horse, and a
sheep, and the number of cows, if a cow cost $40. (As an
example of English, in which a number is equal numerically,
this is interesting.)

It must not be thought that such problems are without value,
that there are no good reasons for giving them, or that the
older books are to be condemned for having a reasonable
number of this type. Some of them have stood the test of
time and have maintained their own throughout the centuries
because pupils could easily visualize them and were interested
in their solution, which is rarely the case with any of the
multitude of real problemp of a technical nature in physics,
in shop practice, in the biological sciences, or in the field of
commerce. It is probable that we shall always find it best to
draw upon certain types of puzzle problems as exercises in
algebra, in arithmetic, and in various other branches, for the
reason that most technical problems are too difficult to be un-
derstood by the pupil when he is studying these subjects. To
postpone algebra until such time as he could understand these
applications would be to put off taking up something for which
the pupil is mentally ready until a time when he would deem it
too childish to be of interest. Indeed, it may safely be said
that we are probably not making enough use of the interest
afforded by the puzzle element in any of our work in mathe-
matics.

All this, however, is no excuse for giving nothing but unreal
problems in algebra, which was the situation at the beginning
of the century. That we have made a gratifying advance is
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seen from an examination of various leading textbooks of the
present day, the genuine applications of algebra, particularly
in the case of formulas and of other types of equations (as in
the study of ratio), being much in evidence.

It is, however, in the introduction of numerical trigonometry
as a legitimate, interesting, simple, and valuable part of
algebra that the most notable step in the last quarter of a
century has been taken. It has long been recognized that
trigonometry has much more practical importance in the world
than most "f the work given in the older type of algebras.
The tradition that this subject must necessarily fellow de-
monstrative geometry has no merit except its antiquity: the
subject is easier than any of the topics in the second half of
the old-time algebra, it is more interesting, and it admits of at-
tractive outdoor work. It thus opens up a new field of inter-
est for the pupilthe field of indirect measurement, in which
there are discovered the first steps in the measuring of the
distance to the stars and in the understanding of some of the
former secrets of the universe in which we live. It follows
naturally after the study of proportion, and its inclusion in

algebra has now met with the approval of all leaders in the
teaching of elementary mathematics. The initial work re-
quires no knowledge of logarithms, a subject that may
properly be left to a later course in algebra, simply because the
time is hardly sufficient to allow for its introduction in the
early stages of elementary algebra.

The fact that this topic has been recommended by the Na-

tional Committee as part of elementary algebra, that it is
required by the College Entrance Examination Board, that it
is generally taught in close connection with algebra in other
countries, that the plan has been generally approved by Amer-
ican associations of teachers, and that it has been followed
in various recent textbooks assures its status in our elemen-
tary courses.

Much has been written of the advance in appreciation of the
function concept in recent years. This advance is, of course,,
particularly noticeable in algebra, and the topic of trigonom-
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etry is the one in whit :h it is most in evidence. It is also
seen in the treatment of the formula and in the entire subject
of variation as a part of ratio and of fractions. It has of late
come to be looked upon as a kind of unifying principle running
through all parts of algebra, and as such, when not too con-
sciously forced into the language of science, has undoubted
value.

VIII. THE PROGRESS OF GEOMETRY

As a scientifically organized part of mathematics geometry is
the oldest of its branches. For this reason it has had a longer
period in which to perfect itself. It is therefore looked upon
as less capable of reform or improvement than algebra and
arithmetic.

The last quarter of a century has shown, however, that as a
school subject it is capable of improvement in the same spirit
if not to the same extent as these other branches.

For one thing, the recent years have clearly differentiated
between intuitive and demonstrative geometry. While this
has always been recognized in a small way, as in the treat-
ment of simple mensuration in arithmetic, it was not until the
Cambridge meeting of the International Mathematical Con-
gress in 1912 that intuitive geometry was brought prominently
before the educational section of that organization and began
to be seriously considered by bodies of teachers throughout
the world. Since then it has come, in this country, to occupy
a worthy place in all our courses for the junior high schools.
This place is properly in the seventh and eighth school years
and to some extent even earlier. The subject naturally pre-
cedes demonstrative geometry, and our schools have come
generally to recognize that it has but little sanction in the
latter and more mature branch.

Demonstrative geometry twenty-five years ago consisted of
at least one year of plane geometry, following the course in
algebra, and at least a half year in solid geometry. In most
schools there was a good deal of memorizing of demonstrations
and the original exercise still played an almost negligible part,
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being, for many pupils, without either purpose or pleasure. A
few teachers enlivened the work by applications of doubtful
value, but on the whole it was generally looked upon as an
intellectual grind.

The progress since that time has been steady and encourag-
ing. Its nature may be summarized briefly as follows:

1. There has been a more definite recognition by the schools
that the chief purpose of demonstrative geometry is to show
the application of logic to the proof of mathematical state-
ments. It therefore requires a maturity of mind hardly found
before the tenth school year, although for purposes of infor-
mation a little work in demonstration may properly be given
to the abler pupils in the preceding grade.

2. Therefore the purpose of demonstrative geometry is not
mensuration, this being sufficiently cared for in the work in
intuitive geometry; its purpose is, in part, to demonstrate the
truths already known intuitively. For this reason the work
in the mensuration of the circle has little sanction in demon-
strative geometry, the rules being already known from intuitive
geometry and the demonstrations as given not being very
satisfactory from the standpoint of logic. The subject is there-
fore no longer required in college entrance examinations or
for high school graduation. The same is true as to the men-
suration of the rectangle, the rectangular solid, the cylinder,
the sphere, and the cone.

3. The number of demonstrated theorems, and especially
of the corollaries, has been greatly reduced, the purpose being
to retain only the basal propositions that are of most use in
the demonstrations of the "originals." This has shifted the
emphasis from the book proofs, which usually constituted all
the geometry of a century ago and most of that of the last
quarter of the nineteenth century, to the original exercises
where it properly belongs. Recent textbooks have an amount
of original work of a simpler character that was hardly im
agined a generation back. Indeed, the older geometries may
be compared to an algebra that had all its examples fully
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worked out, and no exercises for the pupils. The purpose of
"book propositions" in geometry is largely that of worked-out
examples in algebra,to set a model for the pupil and to
furnish a basis for his original work.

4. The number of solved problems has been proportionately
reduced quite as much as the number of demonstrated the-
orems. The simpler constructions with ruler and compasses
are given in intuitive geometry and their demonstration is not
of much value as compared with the demonstrations of the
theorems, leading as they do to only a small number of exer-
cises and depending chiefly upon two or three simple theorems.

. The exercises have greatly increased in number, but they
have decreased in difficulty. The increase is due, as already
stated, to the shifting of emphasis from that which an author
has thought out for the pupil to that which the pupil is to think
out for himself. decrease in difficulty has arisen from the
fact that the ability of pupils can certainly not be said to have
increased during the period in which the schools have tended
to the education of everyone rather than to that of a selected
body of pupils of high intellectual promise. The tendency to-
ward some form of universal high-school education is probably
for the happiness of the race and the strengthening of the state,
so that we shall have to accept, for many pupils, this lower
standard.

There has, however, been another reason,the feeling that a
large number of simple exercises trains the immature pupil
better than a sm&t number of difficult ones. In our efforts to
conform to this belief we are still in the experimental stage.
The pupil of mathematical inclinations will prefer a more
difficult type, and for him it will probably be better to pass
rapidly over a few of the easy exercises and to come as soon ak.
possible to those requiring more thought.

6. The discussion and generalization of propositions now
holds higher place than it did a score of years ago ; at least it is
rather more in evidence in our courses of study and in our
textbooks.
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7. There is a strong movement on foot to cover the essential
parts of plane and solid geometry in a single year. This is
often met by the assertion that it is impossible. This asser-
tion, however, depends upon the meaning assigned to the ex-
pression "essential parts." It would be feasible to frame a
course in plane geometry that would require three years of
hard work, but it would not lead to the most profitable use
of the pupil's time. If we eliminate most of the construction
problems, assume all the work in inequalities, eliminate all
mention of incoMmensurables as applied to line segments and
the circle, all the theory of proportion (treated of in algebra),
the work in the mensuration of solids, and the vather purpose-
less treatment of spherical triangles, we can readily frame a
very satisfactory course for a single year. This can be done
by making selections from any standard geometry.

No mention has been made of the efforts toward developing
courses in general mathematics. These refer rather to the
method of presentation than to the improvement in subject
matter. It may, however, be said that the recent development
of the junior high school affords a natural field for combining
different parts of mathematics in a single course, and this has
been recognized in all our modern textbooks on the subject.
Numerical trigonometry, also, naturally blends with algebra,
and this is recognized in the recent courses of study. Demon-
strative geometry, however, offers a different problem. It can
use the algrebraic equation in its proofs, although it can get
on about as well without it ; but neither algebra nor trigonom-
etry makes use of the demonstrations of geometry in its work.
Our successful courses in general mathematics, therefore, tend
to segregate demonstrative geometry, and this, psychologically,
will have to be the case in the future. Either demonstrative
geometry must be considered largely by itself or else it will
tend to drop out of the curriculum or, at the best, to remain as
a feeble memory of the world's effort to show how truth is
logically established in the mathematical sciences.
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IX. CONCLUSION
The progress of mathematics in our schools in the last quar-

ter of a century may, then, be summarized briefly as follows:

1. Early attempts at improving the courses were greatly
hampered by the force of tradition.

2. The most potent of the later influences for betterment
have been the work of the International Commission on the
Teaching of Mathematics; that of the National Committee on
Mathematical Requirements; that of the College Entrance Ex-
amination Board, which brought together the secondary
schools and the colleges; the rise of the junior high schools;
the work of the schools of education ; the improvements in
textbooks; and the general Spirit of the Times.

3. The results of these labors are seen in the setting forth
with greater clearness the aims which should guide in the
teaching of each branch of mathematics. This is one of the two
greatest gains. It has led to the elimination of much obsolete
or relatively valueless material in arithmetic and algebra, to
the introduction of new topics in each, to the merging of the
first course in numerical trigonometry with the work in ele-
mentary algebra, to the elimination from geometry of matter
of doubtful value, and to the general union of related parts of
mathematics through such coordinating influences as that of
the function concept and that of the social needs of our people.

4. The second of the gains of greatest importance has been
the recognition of the rights of children to see the purposes of
their studies, to find that the subjects synchronize with the
development of their intellectual capacities, and to enjoy the
work in mathematics as they should enjoy their work in other
lines of intellectual activity.

5. There has been a notable advance in the testing of pupils'
abilities and achievements, hampered only by the fact that
many of the tests in algebra have tended to perpetuate some
of the most objectionable features of the science, --a difficulty
that will, of course, tend to disappear under the combined
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efforts of those with some mathematical vision and those who
know the technique of testing.

6. In no field of elementary or secondary education has
advancement in the last twenty-five years been more marked
than in that of mathematics. If teachers feel discouraged with
the reactionary attitude of certain administrators or of boards
of control in state or city, they may well take courage by
considering the state of high school mathematics at the begin-
ning of the century and comparing it with the state of the sub-
ject at the present time.



ON THE FOUNDATIONS
OF MATHEMATICS*

BY ELIARIM HASTINGS MOORS

TIIE American Mathematical Society gives its retiring
president the privilege of speaking on whatever he may have
at heart. Accordingly, this afternoon I propose to consider
with you some matters of importanceindeed, perhaps of fun-
damental importancein the development of mathematics in
this country; and it will duly appear in what non-technical
sense I am speaking 'On the Foundations of Mathematics.'

A VIEW

Abstract Mathematics.The notion within a given domain
of defining the objects of consideration rather by a body of
properties than by particular expressions or intuitions is as
old as mathematics itself. And yet the central importance
of the notion appeared only during the last centuryin a
host of researches on special theories and on the foundations
of geometry and analysis. Thus has arisen the general point
of view of what may be called abstract mathematics. One
comes in touch with the literature very conveniently by the
mediation of Peano's Revue des Mathematiques. The Italian
school of Peano and the Formulaire Mathematique, published
in connection with the Revue, are devoted to the codification
in Peano's symbolic language of the principal mathematical
theories, and to researches ou abstract mathematics. General
interest in abstract mathematics was aroused by Hilbert's
Gauss-Weber Festschrift of 1899: Teber die Grundlagen der
Geometrie,' a memoir rich in results and suggestive in meth-

Presidential address delivered before The American Mathematical
Society at its ninth annual meeting. December 29, 1902. Reprinted
here from Science, N. S., Vol. XVII, pp. 401.416, March 13, 1903;
punctuation and other matters of style are as in the original.
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ods; I refer to the reviews by Sommer,* Poincare,t Halsted,t
Hedrick§ and Veblen.11

We have as a basal science logic, and as depending upon it
the special deductive sciences which involve undefined symbols
and whose propositions are not all capable of proof. The
symbols denote either classes of elements or relations amongst
elements. In any such science one may choose in various ways
the system of undefined symbols and the system of undemon-
strated or primitive propositions, or postulates. Every prop-
osition follows from the postulates by a finite number of
logical steps. A careful statement of the fundamental gen-
eralities is given by Padoa in a paperli before the Paris
Congress of Philosophy, 1900.

Having in mind a definite system of undefined symbols and
a definite system of postulates, we have first of all the notion
of the compatibility of these postulates; that is, that it is im-
possible to prove by a finite number of logical steps the simul-
taneous validity of a statement and its contradictory state-
ment; in the next place, the question of the independence of
the postulate or the irreducibility of the system of postulates;
that is, that no postulate is provable from the remaining
postulates. Padoa introduces the notion of the irreducibility
of the system of undefined symbols. A system of undefined
symbols is said to be reducible if for one of the symbols, X,
it is possible to establish, as a logical consequence of the
assumption of the validity of the postulates, a nominal or
symbolic definition of the form XA, where in the expression

there enter only the undefined symbols distinct from I.
For the purpose of practical application, it seems to be de-
sirable to modify the definition so as to call the system of
undefined symbols reducible if there is a nominal definition

'Bull. Amer. Math. Soc. (2). vol. 6 (1900), p. 287.
1111111. Sciences Mathetn., vol. 26 (1902), p. 249.
tThe Open Court, September, 1902.
*Bull. Amer. Math. Soc. (2). vol. 9 (1902), p. 158.
11The Monist, January, 1903.
'Masai d'une theorie algebrique des nombres entiers, precede duneintroduetiun loitique it une thdorie (16.cluttive clueleonque,' Bibtio-

theque du Congres International de Philosophic, vol. 3, p. 309.
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of one of them X in terms of the others such that In any
interpretation of the science the postulates retain their validity
when instead of the initial interpretation of the symbol X
there is placed the interpretation of the symbol A of that
symbol. If the system of symbols is reducible in the sense of
the original definition it is in the sense of the new definition,
but not necessarily conversely, as appears for instance from
the following example, occurring in the foundations of
geometry.

Hilbert uses the following undefined symbols: 'point,' line,'
`plane,' incidence' of point and line, 'Ind hence' of point and
plane, 'between,' and 'congruent.' Now it is possible to give
for the symbol 'plane' a symbolic definition in terms of the
other undefined symbolsfor instance, a plane is a certain
class of points (as Peano showed in 1892), or again, a plane is
a certain class of lines; while the notion 'incidence' of point
and plane receives convenient definition. It is apparent from
the fact that these definitions may be given in these two ways
that Hilbert's system of undefined symbols is not in Padoa's
sense irreducible, at least, in so far as the symbols 'plane,'
'incidence' of point and plane are concernedwhile it is
equally clear that these symbols are in the abstract geometry
superfluous.

In his dissertation on Euclidean geometry, Mr. Veblen, fol-
lowing the example of Pasch and Peano, takes as undefined
symbols 'point' and 'between,' or 'point' and 'segment.' In
terms of these two symbols alone he expresses a set of inde-
pendent fundamental postulates of Euclidean geometry, in the
first place developing the projective geometry, and then as to
congruence relating himself to the point of view of Klein in
his 'Erlangen Programm,' whereby the group of movements of
Euclidean geometry enters as a certain subgroup of the group
of collineations of projective geometry. Here arises an in-
teresting question as to the sense in which the undefined sym-
bol 'congruence' is superfluous in the Euclidean geometry
based upon the symbols 'point,' between.' One sees at once
that a definition of 'congruence' involves parametric points in
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of course the essential difficulties are not to be obviated by the
use of any symbolism, however delicate.

Indeed the question arises whether the abstract mathema-
ticians In making precise the metes and bound of logic and
the special deductive sciences are not losing sight of the
evolutionary character of all lifeprocesses, whether in the in-
dividual or in the race. Certainly the logicians do not con-
shier their science as something now fixed. All science, logic
and mathematics included, is a function of the epochall
kWit'llee, In its ideals as well as in its achievements. Thus with
Hilbert let a special deductive or mathematical science be based
upon a finite number of symbols related by a finite number
of compatible postulates, every proposition of the science being
deducible by a finite number of logical steps from the postu-
lates. The content of this conception is far from absolute.
It involves what presuppositions as to general logic? What is
a finite number? In what sense is r postulatefor example,
that any two distinct points determine a linea single postu-
late? What are the permissible logical steps of deduction?
Would the usual syllogistic steps of formal logic suffice?
Would they suffice even with the aid of the principle of math-
ematical induction, in which Poincare finds* the essential syn-
thetic element of mathematical argumentation the basis of that
generality without which there would be no science? In what
sense is mathematical induction a single logical step of de-
duction?

One has then the feeling that the carrying out in an absolute
sense of the program of the abstract mathematicians will be
found impossible. At the same time, one recognizes the im-
portance attaching to the effort to do precisely this thing.
The requirement of rigor tends toward essential simplicity of
procedure, as Hilbert has insisted in his Paris address, and
the remark applies to this question of mathematical logic and
its abstract expression.

Pure and Applied Mathematics. In the ultimate analysis

s'Sur In nature du raisonnement maths matique,' Revue de Mdta
photque et tie Morale, vol. 2 (1894), pp. 371-384.
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for any epoch, we have general logic, the mathematical set-
ences,t that is, all special formally and abstractly deductive
selfconsistent sciences, and the natural sciences, which are
inductive t d informally deductive. While this classification
may he satisfactory as an ideal one, it fails to recognize the
fact that in mathematical research one by no means confines
himself to processes which are mathematical according to this
definition ; and if this is true with respect to the research of
professional mathematicians, how much more is it true with
respect to the study, which should throughout be conducted in
the spirit of research, on the part of students of mathematics
in the elementary schools and colleges and universities. I re-
fer to the articles* of Poincare on the role of intuition and
logic in mathematical research and education.

It is apparent that this ideal classification can be made by
the devotee of science only when he has reached a considerable
degree of scientific maturity, that perhaps it would fail to
appeal to non-mathematical experts, and that it does not ac-
cord with the definitions given by practical work in mathe-
maticians. Indeed, the attitude of practical mathematicians
toward this whole subject of abstract mathematics, and es-
pecially the symbolic form of abstract mathematics, is not un-
like that of the practical physicist toward the whole subject
of theoretic mathematics, and in turn not unlike that of the
practical engineer toward the whole subject of theoretical
physics and mathematics. Furthermore, every one under-
stands that many of the most important advances of pure
mathematics have arisen in connection with investigations
originating in the domain of natural phenomena.

Practically then it would seem desirable i7or the interests of
science in general that there should be a strong body of men

tot bleb none is at present known to exist.
'La logique et 1'intuition dans la science mathernatique et dans lien-

seignement.' L'Enseignement MathOmatique, vol. 1 (1899), pp. 167-
162. 'Du role de 'intuition et de la logique en mathematiques,'
Compte Rendu du Deu.riclme Congres International des Maths-
maticiens, Paris (1900), 1902. pp. 115-130. 'Sur leis rapports de
l'analyse pure et de la physique mathematique,' Conference, Zurich,
1897; Acta Mathematica, vol. 21, p. 238.
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thoroughly possessed of the scientific method in both its in-
ductive and its deductive forms. We are confronted with the
questions: What Is science? What is the scientific method?
What are the relations between the mathematical and the
natural scientific processes of thought? As to these questions,
I refer to articles and addresses of Poinear6,* Boltzmannt
and Burkhardt,t. and to Mach's 'Science of Mechanics' and
Pearson's 'Grammar of Science.'

Without elaboration of metaphysical or psychological de-
tails, it is sufficient to refer to the thought that the individual,
as confronted with the world of phenomena in his effort to
obtain control over this world, is gradually forced to appreci-
ate a knowledge of the usual coexistences and sequences of
phenomena, and that science arises the body of formulas
servhig to epitomize or summarize conveniently these usual
coexistetices and sequences. These formulas are of the nature
of more or less exact descriptions of phenomena; they are not
of the nature of explanations. Of all the relations entering
into the formulas of science, the fundamental mathematical
notions of numuer and measure and form were among the earli-
est, and pure mathematics in its ordinary acceptation may be
understood to be the systematic development of the properties
of these notions, in accordance with conditions prescribed by
physical phenomena. Arithmetic and geometry, closely united
in mensuration and trigonometry, early reached a high degree
of advancement. But after the development of the generaliz-
ing literal notation of algebra, and largely in response to the
insistent demands of mechanics, astronomy and physics, the
seventeenth cen;.ary, binding together arithmetic and geometry
infinitely more closely, created analytic geometry and the in-

In addition to those already eited: 'On the Foundations of Geom-
etry,' The Monist, vol. 9, October, 1508, pp. 1-43. 'Sur les principes
de In mkanique.' Bibliotheque tin CongHs International de Philos-
ophie, vol 3. pp. 457-404.

VUeber the Methoden tier theoretischen Physik.' Dyck's Katalog mathe-
matischer and mothrmatisch-physikalischer Modelle. Apparate and
Instrumentc, pp. R9-9s, Munich. 1892.

t`Mathematisches and Naturwissensehaftliches Denken.' Jahresbericht
der Ile u:schen Math.-Ver.. vol. 11 (1902), Pp. 40-57.
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finitesimal calculus, those mighty methods of research whose
application to all branches of the theoretical and practical
physical sciences so fundamentally characterizes the civiliza-
tion of to-day.

The eighteenth century was devoted to the development of
the powers of these new instruments in all directions. While
this development continued during the nineteenth century, the
dominant note of the nineteenth century was that of critical
reorganization of the foundations of pure mathematics, so
that, for instance, the majestic edifice of analysis was seen to
rest upon the arithmetic of positive integers alone. This re-
organization and the consequent course of development of pure
mathematics were independent of the question of the applica-
tion of mathematics to the sister sciences. There has thus
arisen a chasm between pure mathematics and applied math-
ematics. There have not been lacking, however, influences
making toward the bridging of this chasm; one thinks espe-
cially of the whole influence of Klein in Germany and of the
hcole Polytechnic in France. As a basis of union of the pure
mathematicians and the applied mathematicians, Klein has
throughout emphasized the importance of a clear understand-
ing of the relations between those two parts of mathematics
which are conveniently called 'mathematics of precision' and
'mathematics of approximation,' and I refer especially to his
latest work of this character, 'Anwendung der Differential
and Integral-Rechnung auf Geometric: Elite Revision der Prin-
cipien' summer semester, 1901, Teubner, 1902).
This course of lectures is designed to present particular appli-
cations of the general notions of Klein, and furthermore, it is
in continuation of the discussion between Pringsheim and
Klein and others, as to the desirable character of lectures on
mathematics in the universities of Germany.

Elementary Hathematies.This separation between pure
mathematics and applied mathematics is grievous even in the
domain of elementary mathematics. In witness, in the first
place: The workers physics, chemistry and engineering need
more practical mathematics; and numerous textbooks, in par-
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ticular, on calculus, have recently been written from the point
of view of these allied subjects, I refer to the works by Nernst
and Schoenflies,* Lorentz,t Perry,t and Mellor,§ and to a book
on the very elements of mathematics now in preparation by
Oliver Lodge.

In the second place, I dare say you are all familiar with the
surprisingly vigorous and effective agitation with respect +1
the teaching of elementary mathematics which is at present
in progress in England, largely under the direction of John
Perry, professor of mechanics and mathematics of the Royal
College of Science, London, and chairman of the Board of
Examiners of the Board of Education in the subjects of en-
gineering, including practical plane and solid geometry, applied
mechanics, practic '1 mathematics, in addition to more
technical subjects, and in this capacity in charge of the edu-
cation of some hundred thousand apprentices in English night
schools. The section on Education of the British Association
had its first session at the Glasgow meeting, 1901, and the
session was devoted to the consideration, in connection with
the section on Mathematics and Physics, of the question of the
pedagogy of mathematics, and Perry opened the di. cussion by
a paper on 'The Teaching of Mathematics.' A strong com-
mittee under the chairmanship of Professor Forsyth, of Cam-
bridge, was appointed 'to report upon improvements that might
be effected in the teaching of mathematics, in the first instance,
in the teaching of elementary mathematics, and upon such
means as they think likel3 to effect such improvements.' The
paper of Perry, with the discussion of the subject at Glasgow,

'Nernst und Schoenflies, 'Einftihrung in die mathematische Behand-
lung der Naturwissenschaften' (Munich and Leipsic, 1895) ; the
basis of Young and Linebarger's 'Elements of Differential and In-.
tegral Calculus,' New York, 1900.

tLoreutz, 'Lehrbuch der Differential- und Integralrechnung,' Leipsic,
1900.

*ferry. 'Calculus for Engineers' (second edition, London, E. Arnold,
1897) ; German translation by Fricke (Teubner, 1902). Cf. also
the citations given later on.

iMellsr, 'Higher Mathematics for Students of Chemistry and Physics,
with special reference to Practical Work,' Longmans, Green & Co.,
1902, pp. xxi+C13.
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and additions including the report of the committee as present-
ed to the British Association at its Belfast meeting, Septem-
ber, 1902, are collected in a small volume, 'Discussion on the
Teaching of Mathematics,' edited by Professor Perry (Mac-
millan, second edition, 1902).

One should consult the books of Perry, 'Practical Mathe-
matics,q 'Applied Mechanics,q 'Calculus for Engineers/ and
'England's Neglect of Science,'11 and his address* on 'The Edu-
cation of Engineers'and furthermore the files from 1899 on
of the English journals, Nature, School World, Journal of
Education and Mathematical Gazette.

One important purpose of the English agitation is to relieve
the English secondary school teachers from the burden of a too
precise examination system, imposed by the great examining
bodies; in particular, to relieve them from the need of retain-
ing Euclid as the sole authority in geometry, at any rate with
respect to the sequence of propositions. Similar efforts made
in England about thirty years ago were unsuccessful. Ap-
parently the forces operating birce that time have just now
broken forth into successfull activity; for the report of the
British Association committee was distinctly favorable, in a
conservative sense, to the idea of reform, and already note-
worthy initial changes have been made in the regulations for
the secondary examinations by the examination syndicates of
the universities of Oxford, Cambridge, and London.

The reader will find the literature of this English movement
very interesting and suggestive. For instance, in a letter to
Nature (vol. 65, p. 484, March 27, 1902) Perry mildly apologis-
es for having to do with the movement whose immediate results

Cf. also 'Report on the Teaching of Elementary Mathematics issued
by the Mathematical Association,' G. Bell & Sons, London, 1902.

tPublished for the Board of Education by Eyre and Spottiswoode,
London. 1899.

M. Van Nostrand Co.. New York. 1SOR.
§Second edition, London. E. Arnold. 1897.
ET. Fisher Unwin, London. 1900.
In opening the discussion of the sections on Engineering and on

Education at the Belfast, 1902, meeting of the British Association;
published in SCIENCE, November 14, 1902.
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are likely to be merely slight reforms, instead of thorough-
going reforms called for in his pronouncements and justified
by his marked success during over twenty years as a teacher
of practical mathematics. He asserts that the orthodox logi-
cal sequence in mathematics is not the only possible one; that,
on the contrary, a more logical sequence than the orthodox
one (because one more possible of comprehension by students)
is bused upon the notions underlying the infinitesimal calculus
taken as axioms; for Instance, that a map may be drawn to
scale; the notions underlying the many uses of squared paper ;

that decimals may be dealt with as ordinary numbers. He as-
serts as essential that the boy should be familiar (by way of
experiment, illustration, measurement, and by every possible
means) with the ideas to which he applies his logic ; and more-
over that he should be thoroughly interested in the subject
studied; and he closes with this peroration:

"'Great God ! I'd rather be
A pagan, suckled in a creed outworn.'

I would rather be utterly ignorant of all the wonderful liter-
ature and science of the last twenty-four centuries, even of the
wonderful achievements of the last fifty years, than not to have
the sense that our whole system of so-called education is as
degrading to literature and philosophy as it is to English boys
and men."

As a pure mathematician, I hold as the most important sug-
gestion of the English movement the suggestion of Perry's,
just cited, that by emphasizing steadily the practical sides of
mathematics, that is, arithmetic computations, mechanical
drawing and graphical methods generally, in continuous re-
lation with problems of physics and chemistry and engineering,
it would be possible to give very young students a great body
of the essential notions of trigonometry, analytic geometry,
and the calculus. This is accomplished, on the one hand, by
the increase of attention and comprehension obtained by con-
necting the abstract mathematics with subjects which are
naturally of interest to the boy, so that, for instance, all the
results obtained by theoretic process are capable of check by
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laboratory process, and, on the other hand, a diminution of
emphasis on the systematic and formal sides of the instruction
in mathematics. Undoubtedly many mathematicians will feel
that this decrease of emphasis will result in much, if not ir-
reparable, injury to the interests of mathematics. But I am
inclined to think that the mathematician with the catholic
attitude of an adherent of science, in general (and at any rate
with respect to the problems of the pedagogy of elementary
mathematics there would seem to be no other rational atti-
tude) will see that the boy will be learning to make practical
use in his scientific investigationsto be sure, in a naive and
elementary wayof the finest mathematical tools which the
centuries have forged; that under skilful guidance he will
learn to be interested not merely in the achievements of the
tools, but in the theo-y of the tools themselves, and that thus
he will ultimately have a feeling towards his mathematics ex-
tremely different from that which is now met with only too
frequentlya feeling that mathematics is indeed itself a fun-
damental reality of the domain of thought, and not merely a
matter of symbols and arbitrary rules and conventions.

The American Mathematical Society.The American Math-
ematical Society has, naturally, interested itself chiefly in pro-
moting the interests of research in mathematics. It has, how-
ever, recognized that those interests are closely bound up with
the interests of education in mathematics. I refer in partic-
ular to the valuable work done by the committee appointed,
with the authorization of the Council, by the Chicago section
of the society, to represent mathematics in connection with
Dr. Nightingale's committee of 1899 of the National Edu-
cational Association in the formulation of standard curr!cula
for high schools and academies, and to the fact that two
committees are now at work, one appointed in December, 1901,

by the Chicago Section, to formulate the desirable conditions
for the granting, by institutions of the Mississippi valley, of
the degree of Master of Arts for work in mathematics, and the
other appointed by the society at its last summer meeting to
cooperate with similar committees of the National Education-
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al Association and of the Society for the Promotion of Engi-
neering Education, in formulatiug standard definitions of
requirements in mathematical subjects for admission to colleges
and technological schools; and furthermore I refer to the fact
that (although not formally) the society has made a valuable
contribution to the interests of secondary education in that the
College Entrance Examination Board has as its secretary the
principal founder of the society. I have accordingly felt at
liberty to bring to the attention of the society these matters
of pedagogy of elementary mathematics, and I do so with the
firm conviction that it would be possible for the society, by
giving still more attention to these matters, to further most
effecively the highest interests of mathematics in this country.

A %ISMS

An Inritation.The pure mathematicians are invited to
determine how mathematics is regarded by the world at large,
including their colleges of other science departments and the
students of elementary mathematics, and to ask themselves
whether by modification of method and attitude they may not
win for it the very high position in general esteem and appreci-
ative interest which it assuredly deserves.

This general invitation and the preceding summary view
invoke this vision of the future of elementary mathematics in
this country.

The Pedagogy of Elementary Alathematies.We survey the
pedagogy of elementary mathematics in the primary schools,
in the secondary schools and in the junior colleges (the lower
collegiate years.) It is, however, understood that there is a
movement for the enlargement cf the strong secondary schools,
by the addition of the two years of junior college work and by
the absorption of the last two or three grades of the primary
schools, into institutions more of the type of the German
gymnasia and the French lycee;* in favor of this movement

As to the mathematics of these institutions, one may consult the honk
on The Teaching of Mathematics in the Higher School of Prussia'
(New York, Longmans. Green & Co.. 1900) by Professor Young,
and the article (Thilietin Amer. Math. doe. (2), vol. (I, p. 225) by
Professor t'ierpont.
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there are strong arguments, and among them this, that in such
institutions, especially if closely related to strong colleges or
universities, the mathematical reforms may the more easily be

carried out.
The fundamental problem is that of the unification of pure

and applied mathematics. If we recognize the branching im-
plied by the very terms `pure,' applied,' we have to do with a
special case of the correlation of different subjects of the cur-
riculum, a central problt m in the domain of pedagogy from the
time of lIerbart on. In this case, however, the fundamental
solution is to be found rather by way of indirectionby ar-
ranging the currinilum so that throughout the domain of
elementary mathematics the branching be not recognized.

The Primary chools.Would it not be possible for the
children in the grades to be trained in power of observation
and experiment and reflection and deduction so that always
their mathematics should be directly connected with matters
of thoroughly concrete character? The response is immediate
that this is being done to-day in the kindergartens and in the
better elementary schools. I understand that serious difficul-
ties .rise with children of from nine to twelve years of age,
who are no longer contented with the simple, concrete methods
of earlier years and who, nevertheless, are unable to appreciate
the more abstract methods of the later years. These difficul-
ties, some say, are to be met by allowing the mathematics to
enter only implicitly in connection with the other subjects of
the curriculum. But rather the material and methods of the
mathematics should be enriched and vitalized. In particular,
the grade teachers must make wiser use of the foundations fur-
nished by the kindergarten. The drawing and the paper fold-
ing must lead on directly to systematic study of intuitional
geometry,* including t1u construction of models and the ele-
ments of mechanical drawing, with simple exercises in geo-

Here I refer to the wry suggestive paper of Benchara Branford. en-
titled 'Measurement and Simple Surveying. An Experiment in the
'reaching of Elementary Geometry' to a small class of beginners
of about ten years of af,e (Journal of Education, London. the first
part appearing in the number for August, 1899.)
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metrical reasoning. The geometry must be closely connected
with the numerical and literal arithmetic. The cross-grooved
tables of the kindergarten furnish an especially important type
of connection, viz., a conventional graphical depiction of any
phenomenon in which one magnitude depends upon another.
These tables and the similar cross-section blackboards and
paper must enter largely into all the mathematics of the
grades. The children are to be taught to represent, according
to the usual conventions, various familiar arid interesting
phenomena and to study the properties of the phenomena in
the pictures: to know, for example, what concrete meaning
attaches to the fact that a graph curve at a certain point is
going down or going up or is horizontal. Thus the problems
of percentageinterest, etc.have their depiction in straight
or broken line graphs.

The Secondary Sehoola.Pending the reform of the primary
schools, the secondary schools must advance independently.
In these schools at present, according to one type of arrange-
ment, we find algebra in the first year, plane geometry in the
second, physics in the third, and the more difficult parts of
algebra and solid geometry, with review of all the mathematics
in the fourth.

Engineers* tell us that in the schools algebra is taught in
one water-tight compartment, geometry in another, and physics

Why is it that one of the sanest and best-informed scientific men
living. a man not himself an engineer. can charge mathematicians
with killing off every engineering school on which they can lay
hands? Why do engineers so strongly urge that the mathematical
courses in engineering schools be given by practical engineers?

And why can a reviewer of `some Recent Books of Mechanics'
write with truth: "The students' previous training in algebra.
geonic`ry, trigonometry, analytic geometry and calculus as it is
generally taught has been necessarily quite formal. These mighty
algorithms of formal mathematics must be learned so that they can
be applied with readiness and precision, But with mechanics
mines the application of these algorithms. and formal, do-by-rote
methods. though often possible. yield no results of permanent value.
How to elkit and cultivate thought is now of primary importance"?
(104. B. Wilson. Buttetin Amer. Math. Roc., October. 1902.) But is
it conceivable that in any part of the education of the student the
problem of eliciting and cultivating thought should not be of
primary importance?
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in another, and that the student learns to appreciate (if ever)
only very late the absolutely close connection between these
different subjects, and then, if he credits the fraternity of
teachers with knowing the closeness of this relation, he blames
them most heartily for their unaccountably stupid way of

teaching him. If we contrast this state of affairs with the
state of affairs in the solid four years' course in Latin, I think
we are forced to the conclusion that the organization of in-
struction in Latin is much more perfect than that of the in-
struction in mathematics.

The following question arises: Would it not be possible to
organize the algebra, geometry and physics of the secondary
school into a thoroughly coherent four years' course, compar-
able in strength and closeness of structure with the four years'
course in Lath'? (Here under physics I include astronomy,
and the more mathematical and physical parts of physiog-
raphy.) It would seem desirable that, just as the systematif.
development of theoretical mathematics is deferred to a later
period, likewise much of theoretical physics might well be
deferred. Let the physics also be made thoroughly practical.
At any rate, so far as the instruction of boys is concerned, the
course should certainly have its character largely determined
by t' conditions which would be imposed by engineers. What
kind of two or three years' course in mathematics and physics
would a thoroughly trained engineer give to boys in the sec-
ondary school? Let this body of material postulated by the
engineer serve as the basis of the four years' course. Let the
instruction in the course, however, be given by men who have
received expert training In mathmatics and physics as well
as in engineering and let the instruction be so organized that
with the development of the boy, in appreciation of the prac-
tical relations, shall come simultaneously his development in
the direction of theoretical physics and theoretical mathe-
matics.

Perry is quite right in insisting that it is scientifically legit-
imate in the pedagogy of elementary mathematics to take a
large body of basal principles instead of a small body and to
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build the edifice upon the larger body for the earlier years,
reserving for the later years the philosophic criticism of the
basis itself and the reduction of the basal system.

To consider the subject of geometry in all briefness: with
the understanding that proper emphasis is laid upon all the
concrete sides of the subject, and that furthermore from the
beginning exercises in informal deduction are introduced in-
creasingly frequently, when it comes to the beginning of the
more formal deductive geometry why should not the students
be directed each for himself to set forth a body of geometric
fundamental principles, on which he would proceed to erect
his geometric edifice? This method would be thoroughly prac-
tical and at the same time thoroughly scientific. The various
students would have different systems of axioms, and the dis-
cussions thus arising naturally would make clearer in the
minds of all precisely what are the functions of the axioms in
the theory of geometry. The students would omit very many
of the axioms, which to them would go without saying. The
teacher would do well not to undertake to make the system of
axioms thoroughly complete in the abstract sense. "Sufficient
unto the day is the precision thereof." The student would very
probably wish to take for granted all the ordinary properties
of measurement and of motion, and would be ready at once
to accept the geometrical implications of coordinate geometry.
He could then be brought with extreme ease to the consider-
ation of fundamental notions of the calculus as treated con-
cretely, and he would find those notions delightfully real and
powerful, whether in the domain of mathematics or of physics
or of chemistry.

To be sure, as Study has well insisted, for a thorough com-
prehension of even the elementary parts of Euclidean geometry
the non-Euclidean geometries are absolutely essential. But
In an article shortly to appear in the Educational Review, on 'ThePsychological and the Logical in the Teaching of Geometry,'

Professor John Dewey, calling attention to the evolutionary char-
acter of the education of an individual, insists that there shouldbe no abrupt transition from the introductory, intuitional geometry
to the systematic, demonstrative geometry.
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the teacher is teaching the subject for the benefit of the stu-
dents, and it must be admitted that beginners In the study of
demonstrative geometry can not appreciate the very delicate
considerations involved in the thoroughly abstract science.
Indeed, one may conjecture that, bad it not been for the
brilliant success of Euclid in his effort to organize into a
formally deductive system the geometric treasures of his times,
the advent of the reign of science in the modern sense might
not have been so long deferred, Shall we then hold that in
the schools the teaching of demonstrative geometry should be
reformed in such a way as to take account of all the wonder-
ful discoveries which have been mademany even recently
in the domain of abstract geometry? And should similar re-
forms be made in the treatment of arithmetic and algebra?
To make reforms of this kind, would it not be to repeat more
gloriously the error of those followers of Euclid who fixed his
'Element& as xtbook for elementary instruction in geo-
metry for over xo thousand years? Every one agrees that
professional mathematicians should certainly take account of
these great developments in the technical foundations of math-
ematics, and that ample provision should be made for instruc-
tion in these matters ; and on reflection, every one agrees furth-
er that this provision should be reserved for the later collegiate
and university years.

The Laboratory Method.This program of reform calls for
the development of a thoroughgoing laboratory system of in-
struction in mathematics and physics, a principal purpose be-
ing as far as possible to develop on the part of every student
the true spirit of research, and an appreciation, practical as
well as theoretic, of the fundamental methods of science,

In connection with what has already been said, the general
suggestions I now add will, T hope, be found of use when one
enters upon the questions of detail involved in the organization
of the course.

As the world of phenomena receives attention by the individ-
ual, the phenomena are described both graphically and in
terms of number and measure; the number and measure re-
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lations of the phenomena enter fundamentally into the graph-
ical depiction, and furthermore the graphical depiction of the
phenomena serv:. powerfully to illuminate the relations of
number and measure. This is the fundamental scientific point
of view. Here under the term graphical depiction I include
representation by models.

To provide for the needs of laboratory instruction, there
should be regularly assigned to the subject two periods, count-
ing as one period in the curriculum.

As to the possibility of effecting this unification of mathe-
matics and physics in the secondary schools, objection will be
made by some teachers that it is impossible to do well more
than one thing at a time. This pedagogic principle of con-
centration is undoubtedly sound. One must, however, learn
how to apply it wisely. For instance, in the physical labor-
atory it is undesirable to introduce experiments which teach
the use of the calipers or of the vernier or of the slide rule.
Instead of such uninteresting experiments of limited purpose,
the students should be directed to extremely interesting prob-
lems which involve the use of these instruments, and thus be
led to learn to use the instruments as a matter of course, and
not as a matter of difficulty. Just so the smaller elements of
mathematical routine can be made to attach themselves to
laboratory problems, arousing and retaining the interest of the
students. Again, everything exists in its relations to other
things, and in teaching the one thing the teacher must illumin-
ate these relations.

Every result of importance should be obtained by at least
two distinct methods, and every result of especial importance
by two essentially distinct methods. This is possible in math-
ematics and the physical sciences, and thus the student is made
thoroughly independent of all authority.

All results should be checked, if only qualitatively or if only
'to the first significant figure.' In setting problems in prac-
tical mathematics (arithmetical computation or geometrical
construction) the teacher should indicate the amount or per-
centage of error permitted in the final result. If this amount
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of percentage is chosen conveniently in the different examples,
the student will be led to the general notion of closer and
closer approximation to a perfectly definite result, and thus in
a practical way to the fundamental notions of the theory of
limits and of irrational numbers. Thus, for instance, uni-
formity of convergence can be taught beautifully in connection
with the concrete notion of area under a monotonic curve be-
tween two ordinates, by a figure due to Newton, while the in-
terest will be still greater if in the diagram area stands for
work done by an engine.

The teacher should lead up to an important theorem
gradually in such a way that the precise meaning of the
statement in question, and further, the practical, i. e., com-
putational or graphical or experimentaltruth of the theorem
is fully appreciated; and, furthermore, the importance of the
theorem is understood, and, indeed, the desire for the formal
proof of the proposition is awakened, before the formal proof
itself is developed. Indeed, in most cases, ranch of the proof
should be secured by the research work of the students them-
selves.

Some hold that absolutely individual instruction is the
ideal, and a laboratory method has sometimes been u ed for
the purpose of attaining this ideal. The laboratory method
has as one of its elements of great value the flexibility which
permits students to be handled as individuals or in groups.
The instructor utilizes all the experience and insight of the
whole body of students. He arranges it so that the students
consider that they are studying the subject itself, and not
the words, either printed or oral, of any authority on the
subject. And in this study they should be in the closest
cooperation with one another and with their instructor, who
is in a desirable sense one of them and their leader. Instruc-
tors may fear that the brighter students will suffer if en-
couraged to spend time in cooperation with those not so
bright. But experience shows that just as every teacher
learns by teaching, so even the brightest students will find
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themselves much the gainers for this cooperation with their
colleagues.

In agreement with Perry, it would seem possible that the
student might be brought into vital relation with the
fundamental elements of trigonometry, analytic geometry
and the calculus, on condition that the whole treatment in its
origin is and in its development remains closely associated
with thoroughly concrete phenomena. With the momentum
of such practical education in the methods of research in tilt?
secondary school, the college students would be ready to
proceed rapidly and deeply in any direction in which their
personal interests might lead them. In particular, for
instance, one might expect to find effective interest on the
part of college students in the most formal abstract mathe-
matics.

For all students who are intending to take a full secondary
school course in preparation for colleges or technological
schools, I am convinced that the laboratory method of in-
struction in mathematics and physics, which has been briefly
suggested, is the best method of instructionfor students in
general, and for students expecting to specialize in pure
mathematics, in pure physics, in mathematical physics or
astronomy, or in any branch of engineering.

Evolution, not Revolution.In contemplating this reform
of secondary school instruction we must be careful to re-
member that it is to be accomplished as an evolution from
the present system, and not as a revolution of that system.
Even under the present organization of the curriculum the
teachers will find that much iml.rovement can be made by
closer cooperation one with another ; by the introduction, so
far as possible, of the laboratory twoeriod plan; and in
any event by the introduction of laboratory methods; lab-
oratory record books, crosssection paper, computational and
graphical methods in general, including the use of colored
inks and chalks; the cooperation of students; and by laying
emphasis upon time comprehension of propositions rather than
upon the exhibition of comprehension.
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The .Junior Colleges. Just as secondary schools should
begin to reform without waiting for the improvement of the
primary schools, so the elementary collegiate courses should
be modified at once without waiting for the reform of the
secondary schools. And naturally, in the initial period of
reform, the education in each higher domain will involve
many elements which later on will be transferred to a lower
domain.

Further, by the introduction into the junior colleges of the
laboratory -method of instruction it will be possible for the
colleges and universities to take up a duty which for the
most part has been neglected in this country. For, although
we have normal schools and other training schools for those
who expect to teach in the grades, little attention has as yet
been given to the training of those who will become secondary
school teachers. The better secondary schools of to-day are
securing the services of college graduates who have devoted
special attention to the subjects which they intend to teach,
and as time goes on the positions in these schools will as a rule
be filled (as in France and Germany) by these who have
supplemented their college course by several years of univer-
sity work. Here these college and university graduates pro-
ceed at once to their work in the secondary schools. Now in
the laboratory courses of the junior college, let those students
of the senior college and graduate school who are to go into
the teaching career be given training in the pedagogy of mathe-
matics according to the laboratory system ; for such a student
the laboratory would be a laboratory in the pedagogy of mathe-
matics ; that is, he would be a colleague-assistant of the in-
structor. fly this arrangement, the laboratory instruction of
the colleges would be strengthened at the same time that well
equipped teachers would be prepared for work in the secondary
schools.

The Freedom of the Secondary Schools.The secondary
schools are everywhere preparing students for colleges and
technological schools, and whether the requirements of those
institutions are expressed by way of examination of students
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or by way of the conditions for the accrediting of schools or
teachers, the requirements must be met by the secondary
schools. The stronger secondary school teachers too aten
find themselves shackled by the specific requirements imposed
by local or college authorities. Teaching must become more
of a profession. And this implies not only that the teacher
must be better trained for his career, but also in his career
he be given with greater freedom greater responsibility. To this
end closer relations should be established between the teachers
of the colleges and those of the secondary schools; standing
provisions should be made for conferences as to improvement
of the secondary school curricula and in the collegiate ad-
mission requirements; and the leading secondary school
teachers should be steadily encouraged to devise and try out
plans looking in any way toward improvement.

Thus the proposed four years' laboratory course in mathe-
matics and physics will come into existence by way of evolu-
tion. In a large secondary school, the strongest teachers, find-
ing the project desirable and feasible, will establish such a
course alongside the present series of disconnected courses
and as time goes on their success will in the first place stimu-
late their colleagues to radical improvements of method under
the present organization and finally to a complete reorganiza-
tion of the courses in mathematics and physics.

The American Mathematical Socirty.Do you not feel with
me that the American Mathematical Society, as the organic
representative of the highest interests of mathematics in this
country, should be directly related with the movement of re-
form? And, to this end, that the society, enlarging its member-
ship by the introduction of a large body of the strongest
teachers of mathematics in the secondary schools, should give
continuous attention to the question of Improvement of educa-
tion in mathematics, in institutions of all grades? That there
is need for the careful consideration of such questions by the
united body of experts, there is no doubt whatever, whether
or not the general suggestions which we have been considering
this afternoon turn out to be desirable and practicable. In



The Foundations of Mathematics 55

case the question of pedagogy does come to be an active one, the
society might readily hold its meetings in two divisiont
division of research and a divison of pedagogy.

Furthermore, there is evident need of a national organiza-
tion having its center of gravity in the whole body of science
instructors in the secondary schools ; and those of us in-
terested in these questions will naturally relate ourselves also
to this organization. It is possible that the newly formed
Central Association of Physics Teachers may be the nucleus
of such An organization.

CONCLUSION

The successful execution of the reforms proposed would
seem to be of fundamental importance to the development of
mathematics in this country. I urge that individuals and
organizations proceed to the consideration of the general
question of reform with all the related questions of detail.
Undoubtedly in many parts of the country improvements in
organization and methods of instruction in mathematics have
been made these last years. All persons who are, or may
become, actively interested in this movement of reform should
in some way unite themselves, in order that the plans and the
experience, whether of success or failure, of one may be im-
mediately made available in the guidance of his colleagues.

I may refer to the centers of activity with which I am
acquainted. Miss Edith Long, in charge of the Depat_:tattnt
of Mathematics in the Lincoln (Neb.) High School, reports
upon the experience of several years in the correlation of
algebra, geometry and physics, in the October, 1902, number of
the Educational Review. In the Lewis Institute of Chicago,
Professor P. B. Woodworth, of the Department of Electrical
Engineering, has organized courses in engineering principl °s
and electrical engineering in which are developed the funda-
mentals of practical mathematics. The general question came
up at the first meeting* (Chicago, November, 1902) of the
Subsequent to the meeting of organization in the spring of 1902. Mr.

Chas. II. Smith of the Hyde I'ark High School, Chicago. is president
of the Association. Reports of the tneetings are given in School
Science ( Raven- A oud. Chicago.)
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Central Association of Physics Teachers, and it is to be
expected that this association will enlarge its functions in
such a way as to include teachers of mathematics and of all
sciences, and that the question will be considered in its various
bearings by the enlarged association. At this meeting in-
formal reports were made from the Bradley Polytechnic Insti-
tute of Peoria, the Armour Institute of Technology of Chicago,
and the University of Chicago. The question is evoking
much interest in the neighborhood of Chicago.

I might explain how I came to be attracted to this question
of pedagogy of elementary mathematics. I wish, however,
merely to express my gratitude to many mathematical and
scientific friends, in r articular, to my Chicago colleagues, Mr.
A. C. Lunn and Professor C. R. Mann, for their cooperation
with me in the consideration of these matters, and further to
express the hope that we may secure the active cooperation of
many colleagues in the domains of science and of administra-
tion, so that the first carefully chosen steps of a really im-
portant advance movement may be taken in the near future.

I close by repeating the questions which have been engaging
our attention this afternoon.

In the development of the individual in his relations to the
world, there is no initial separation of science into constituent
parts, while there is ultimately a branching into the many
distinct sciences. The troublesome problem of the closer
relation of pure mathematics to its applications: can
it not be solved by indirection, in that through the
whole course of elementary mathematics, including the intro-
duction to the calculus, there be recognized in the organization
of the curriculum no distinction between the various branches
of pure mathematics, and likewise no distinction between pure
mathematics and its principal applications? Further, from
the standpoint of pure mathematics: will not the twentieth
century find it possiLle to give to young students during their
impressionable years, in thoroughly concrete and captivating
form, the wonderful new notions of the seventeenth century?

By way of suggestion these questions have been answered
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in the affirmative, on condition that there be established a thor-
oughgoing laboratory system of instruction in primary schools,
secondary schools and Junior collegesa laboratory system
involving a synthesis and development of the best pedagogic
methods at present in use in mathematics and the physical
sciences.



SUGGESTIONS FOR THE SOLUTION OF
AN IMPORTANT PROBLEM THAT

HAS ARISEN IN THE LAST
QUARTER OF A CENTURY'

BY RALEIGH SCHORLING

INTRODUCTION

It is hoped that the general theme of this program will prove
interesting and profitable but it is not likely that we can ac-
curately judge the significance of the various movements that
have grown out of the last twenty-live years. We are probably
too close to the picture to see it in its true perspective. It is,
nevertheless, interesting to speculate as to what the future
student of history will write about our times.

Progress comes through people. I believe that no true
appraisal of the last twenty-five years can be written with-
out associating the contributions with the personalities
responsible for them.

We can only guess what will be the list of names which
will persist. But it is fairly safe to guess that the name of
Professor E. H. Moore will be first. Not quite twenty-five
years ago he delivered the address, reprinted in this volume,

profoundly stimulated progressive thinking on the
teaching of high school mathematics. I often find it most
interesting to read this address and to note the many issues
clearly sounded there which still challenge our best efforts.
We have not yet achieved the goals set up for us in that
brilliant vision. May I mention just a few valuable
things that seem to me to have come to us from Professor

'At the annual meeting held in Cincinnati, C441o, (1925) the National
Council of Mathematics Teachers passed a motion directing the
president to deliver an address at the next meeting.
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Moore's address. Directly it stimulated the teaching of
intuitive, or experimental geometry in this country. It
started a vigorous reaction to the formalism found in the
algebra of Wentworth. It placed emphasis upon the inter-
relations which a thoughtful teacher can build between the
topics chosen from various branches, arithmetic, algebra,
geometry, and trigonometry.

At this time it seems reasonably safe to add a few more
names. To Professor George Myers belongs the credit for
initiating and directing the pioneer effort to formulate the
inter-relations of the various branches for the use of the class-
room teachers. The English writer, Nunn, is little known by
American teachers but I predict his place also as being secure.
In his writings he exhibits a marvelous insight as to how
children master the introductory concepts of mathematics.
About ten years ago American texts for children began to show
the influence of Num' More recently he has affected the
pedagogical writings of some American authors. Nor can there
be any question about John Dewey. Ile has probably changed
the teaching of mathematics and all the other school subjects
more than any other living man. To him we owe such guiding
principles as we now accept. It was Dewey who started us
teaching children instead of school subjects, and it was Dewey
who said "Education is not preparation for life but is Life."
To the psychological group we are indebted for the system-
atization and formulation of certain general laws of learning
so as to be genuinely helpful to the teachers of special subjects.
As a result writers have keener insight into the manner in
which children learn and are able to state problems closer to
the pupil's point of view. This contribution is valuable in this
day when our secondary schools are crowded with pupils who
have little background and experience and less ability for
mathematical training. The contribution of J. W. Young to
the work of the National Committee on Mathematical Re-
quirements will surely gain him a place on the list of out-
standing contributors of this quarter of a century. As a mem-
ber of that committee I testify to the value of his services.
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His gift lay, so it seemed to me, in his rare ability to take
home with him the conflicting views of others and in a few
weeks return these formulated so skillfully as to be acceptable
to all,and that without compromise or sacrifice of the fun-
damental principles. Often people differ only in terminology
rather than in purposes. It was most fortunate for the
teachers of mathematics in our secondary schools that a man
of Professor Young's standing and ability was willing to sac-
rice several years of his life in devotion to Our problems. To
David Eugene Smith we are indebted for creating a mine of
information in the history of mathematics that surely someone
will sooner or later make available to our girls and boys.
There must be many who hope as I do that Professor Smith
will make this his own crowning achievement. It would be
futile to extend this list of distinguished contributors to what.
ever progress has been achieved in these twenty-five years. As
I have already implied, no one should take the preceding pre-
dictions too seriously as this brief list is given merely by way
of illustration.

By action taken at the last annual meeting at Cincinnati,
I, as retiring president, am obligated to deliver this address.
Since no subject was assigned, I chose the general theme of
the yearbook with an emphasis on what seems to be a crucial
problem. This problem has arisen from the changing con-
ditions which have crowded over three million girls and boys,
one in every three of high school age, into the schools.
The Problem: How to Improve the Quality of Scholarship.

The most significant factor in the present situation I be-
lieve to be our realization of the very low mastery achieved
in the secondary schools,in both the junior and senior high
school grades. For years we have heard sharp criticism
coming from the business world, indictments by college
teachers of mathematics, and resentment expressed by admin-
istrators at the high number of pupil failures but it remained
for a by-product of the testing movement really to open our
eyes. It is now possible to turn to many elements drawn from
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numerous tests which have been given to thousands of children
in many communities. For evidence on this point consider
first the following table drawn from a more extensive one
recently completed by the writer. The complete Inventory*
Test consisting of 125 elements was submitted to many chil-
dren. The table given includes some of the elements in the
Inventory Test and also the percentage of correct responses
for 3,260 beginning seventh grade pupils. The table should
be interpreted as follows :

Of the 3,21;0 pupils tested, approximately 85.3 per cent re-
sponded correctly to the situation "Write 3 per cent as a
decimal." Looking at task number 84, we see less than
half the pupils (more accurately 47.5%) were able to write
0.125 as a common fraction.

MASTERY IN ARITHMETIC

70.
71.
72.
73.
74.
75.
76.
77.
78.
79.

Pereentlge of Cor.
Teat Eletnenta rest Responses

Write 3% as a decimal. Ans 70. 85.3
Write 6M% as a decimal. Ans 71. 64.4
Write .4 as per cent.. Ans 72. 35.8
Write .025 as per cent. Ans. 73. 37.2
Write 4 as a decimal. Ans. 74. 66.6
Write 1,,,li as a decimal. Ans.. 75. 71.4
Write N, as a decimal. Ans 76. 74.8
Write )I as per cent. Ans.. 77. 73.5
Write 14 as per cent. Ans. ':s: 74.1
Write Xi as per cent. Ans. 70.1

80. Write 14 as a decimal. Ans ,J. 62.9
81. Write A as a decimal. Ans 81. 55.4
82. Write III as a decimal. Ans. 82. 35.6
83. Write .25 as a common fraction. Ans. 83. 81.3
84. Write .125 as a common fraction. An 84. 47.5
85. Write .06k as a common fraction. Ans. 85. 27.2
86. What is 3% of 200? Ans. 86. 59.7
87. The ratio of 1 to 2 is equal to the ratio of 5 to 87. 3:3.0
88. The interest on $200 for 3 years at 4% is $. 88. 60.8
89. Fred Stone found that 5 per cent of 200 is 10. What

number is the percentage? Ans. 80. 19.3
90. Fred Stone found that 5 per cent of 200 is 10. What

number is the base? Ans. 90. 48.0
91. Theodore i' oosevelt was born October 27, 1858, and died

January b, l'.'19. His age was years,
months, days. 91. 29.7

For a more extensive discussion see "A Tentative List of Objectives in
the Teaching of Junior High School Mathematics, with Investiga-
tions for the Determining of Their Validity." George Wahr, Pub.
Usher, Ann Arbor. Mich.
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The next table may give the reader a clearer picture of what
was included in our Inventory Test for there the tasks are
chosen from different sections of the test. As in the preced-
ing table the figures in the column at the right indicate the
percentage of correct responses from 3260 pupils.

Note that in task number 76 less than 73 per cent were able
to write 8/4 as a decimal. Only about two out of every
five pupils were able to respond correctly to the question

()Tlum ITEMS OF THE INVENTORY TEST*

51. Look at ''us S 'A 4 = 20. Which number is called the product? (78 4)
42. Write in figures: Fifty-nine and three hundredths (76.1)

5. One gallon equals how many pints'
76. W cWrite as a decimal

(75.6)
(74.8)

77. Write as per cent (73.5)
50, Fifty per cent of a number is the same as what part of that

number? (71.4)
74. Write';, as a decimal (60.6)
88. The interest on 8200 for 3 years at 4% is $

((f13100.38))7. One square foot equals how many square inches?.
96. Draw a figure to show that you know the meaning of the word

rectangle (59.8)
80. What. is 3% of 200? (59.7)
18. April has days; November has days; July has

days? (55.0)
65. What must you do to find 3 of Vr? Do you add? If not, what

must you do" (54.9)
58. (;-c. means (51.4)
32. If you have the product of two numbers, how can you find the

other number? (44.5)
117. Be able to identify a check when a check is shown (43.4)
99. Draw a figure to show the meaning of "right angle." (43.0)
36. What is the average of 4, 6, 8 and 10? (42.7)
29. Moving the decimal point one place to the left

number by 10.
the

(42.1)
40. Does 4890 ÷ 10 equal 4.896, or 48.96, or 489.6, or 4896? Draw

a circle around the right number (35.5)

"Wlmt is the average of 4, 6, 8, and 10?" The preceding table
is of special inierest because 146 experienced teachers, when
asked to check the items of the complete test which they felt

For dhuu and illustrations see copy of the Sehorling- Clark -Rugg
Inventory Test, Gazette I'ress, Yonkers, New York.
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sure pupils in the beginning of the seventh grade should know
with nearly 100 per cent accuracy, chose among other items
those appearing in that table.

The elements of the Inventory Test were chosen on the
following bases: (1) Appearance in courses of study. (2) The
judgments of twenty-nine writers of arithmetic's. Moreover, it
is important to remember that this test was practically an
untimed test.

A few of the questions have subtleties, or were stated in
unfamiliar forms, but ou the whole the tasks were simple for
seventh grade children. Week after week and year after year
some of these tasks are given systematic drill to fix certain
skills. It is said society spends L.= onefourth to onefifth of
the money devoted to the intermediate grades in the teaching
of arithmetic. So we may ask whether anything learnt -d to the
point where less than sixty per cent of the children respond
accurately while the material is fresh in mind is worth very
much to society.

THE SUMMARY TABLE
The Table which follows represents a summary of the re-

M NI RV TABLE
No. ti

Per cent Element."

90-100
80 90 12
70 80 14
60 70 10
50 60 14
40 50 22
30 40 14
20 30 14
10 20 12
0 10 5

125

sults of the Inventory Test. The table should be interpreted as
follows: There were only eight tasks in the Inventory Test that
as many as 90% of the pupils tested could do. .There were
twelve exercises that received from 80% to 90% correct re-
sponses. There were five tasks so difficult that less than 10%
of the pupils succeeded in each.
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Are We Satisfied with Low Standards?
Many European visitors to our schools, though they may be

enthusiastic about many excellent characteristics, are vigor-
ous in their indictment expressed in such phrases as: "You
foster half learning"; "You are satisfied with low standards";
"You do not fix habits"; and, "There is no question that you
can ask your children that any considerable number of them
will know." It is not clear what is meant by "half learning."
Perhaps it means that half of the children learn all the things
that we try to teach them, or that half of the things are
learned by all the children. The table suggests that neither
happens. A few of the items in the test are learned by nearly
all the children, a few elements are mastered by only a few
children, and a large number of tasks (the mode) falls be-
tween 40% to 50% mastery. In fact, the Inventory Test re-
sulted in something very close to a normal distribution. By
way of summary, it may be stated that the total number of
tasks getting 50% correct responses is 58 out of 125less
than half the test. If by half learning is meant that each and
esery one of half the number of outcomes is mastered by less
that half the pupils, there is evidence that the criticism is
none too harsh. In fact, we do not achieve anything like half
learning in this sense. We are driven to admit that pupils
lack mastery of the essentials of arithmetic.
Does the Same Condition of Low Achievement Hold in Ninth

Grade Algebra?
On this point we can speak quite definitely for Thorndike

has reported a similar study on the strength of algebraic con-
ne?tions. He reports on twenty-eight tasks. His table in-
eludea records secured from ten schools though the number
of pupils tested is not given. The table on the next page shows
the results secured on six of the tasks by he four lowest
schools. The percentages given are these for correct responses.

It is true that some of the required tasks might be criti.
cized as including subtleties that are not ordinarily touched

"The Psychology of Algebra," Chapter XII.
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by drill. Thus the arrangement in Exercise adds to the
difficulty. A direction or a challenge of some sort could well
have been added to Exercise 9. Teachers do not give much
practice on such equations ill I'Vp1'vsl'Ilt(41 hi Exercise 26,
and the i.atement for Exercise 27 could prohahly be improved.
Indeed. it is likely that Thorn( like used thew suhtlei:es to
demonstrate to teachers the need for more varied drill. On

3r_1wr in- oP ALAIEBI:A

'AlodMol from Tbormlike'm 'fable
Perri. Dtae

lie:qualm%
of t

( 4) From 5o. 2c subtract
3e :la 49 lis 41 35

( 7) 7t1X2de2 74 70 72 74
( 9) 01+2) 71 39 20 37
(17) If a =2 and h =3 what dues

5a 2:11, equal? 6S 56 49
(26) 15 1 what dues IV

equal? 67 45 42 51
(27) V =a-2 what does V equal?

4 51 3S 26 26

the whole, it must be admitted that these exercises are very
simple when contrasted with the complex manipulations re-
quired by a standard ninth grade algebra course. Thorndike
concludes, "It does not seem an exaggeration to say that
on the whole these students of algebra had mastery of noth-
ing whatsoever. There was literally nothing in the test that
they could do with anything like 100% efficiency." This is a
severe statement of the results secured from high school
people who are undertaking their second year of algebra.

The results secured by llotz's test furnish additional evi.
dence. The following table consists of elements selected from
the table which appears in Thorndike. Here also the table
has been modified to include percentage of correct responses.
The pupils tested had studied algebra for nine months.

The particular elements selected are very lunch easier than
the exercises ordinarily expected of ninth grade algebra stu-
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dents at the end of the year. Ilere, as in the Thorndike re-
sults, we find a very low degree of mastery. The situation re-

RESULTS ON THE IIOTZ TEST

3c _3c.

(- 3xy3)4

_FY
3 2 4

2x_5
3 , 8

Percentage of
Correct
Responses

Percentage of
Correct
Responses

64

62

70

so

In the formula
RM =EL find the
value of M

The area of a circle =
itr2 in which r =radius
of the circle and 7C =
3 1/7. Find the area of
a circle whose radius
is 7 ft.

51

48

vealed by the Inventory Test for arithmetic is probably worse
in ninth grade algebra, for pupils get little practice on the
algebraic skills in out-ofschool activities. The results of
Thorndike, Hotz, Childs, and Monroe, all support the belief.
By way of summary, we may quote Thorndike, "Complicate the
situation slightly and the pupils fail."

There is a wealth of evidence from surveys that could be
used at this point. Courtis found that the answers of grade
seven on his test 7 were about 57% accurate. Support also
could be drawn from the measurements made by students in
psychology who have used arithmetic exercises as tests of fa-
tigue, of individual differences, etc. For the summary of the
evidence the reader may turn to Thorndike, "The Psychology
of Arithmetic," page 103. Consider finally the results recently
secured on the Woody-McCall Form 3. This test was widely
administered in the state of Michigan.* The results in the
following table are for May, 1924, and include the results
from forty cities. The cities were divided into three pupil
groups. Group I includes cities having 5,000 or fewer in-
habitants; Group II includes cities having 5,001 to
10.000 inhabitants; and Group III includes cities having over
10.000 inhabitants. On the first problem : 2+, 114 pupils

*The test is not included. It is assumed that anyone reading this study
up to this point is familiar with the Woody-McCall Teat.
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out of 1626 pupils failed. The same number of pupils could
not respond correctly to 6X2. Nearly 200 pupils failed to
answer 5X1. Let us consider next a few questions only a
little more complicated. On test 17, namely, 31-1, nearly

RESULTS ON THE WOODY-McCALL FORM

Number
of

Problem I

Grade VII
Group

II III All

Number
of

Problem

Grade VII
Group

I II III All

1 91 84 OM 93 20 75 88 85 83
2 90 85 98 93 21 61 70 71 08
3 91 85 99 94 22 76 82 76 77
4 92 89 98 95 23 57 70 68 66
5 83 92 91 89 24 52 49 56 53
6 84 94 92 91 25 76 85 82 81
7 78 83 85 83 26 57 69 06 65
8 86 89 89 88 27 47 63 63 59
9 00 83 97 92 28 37 49 43 43

10 87 92 93 91 29 51 58 62 58
11 86 96 93 92 30 18 23 3 28
12 SS 97 95 94 31 20 22 25 23
13 82 85 88 811 32 21 34 34 31
14 83 93 89 88 33 17 28 14 18
15 84 92 88 88 3.1 9 12 14 12
16 75 86 86 83 35 14 19 24 20
17 09 77 70 71

Number18 82 94 84 80
19 68 80 79 77 of

Pupils
406 369 851 1626

30 out of every 100, or 472 out of 1626 pupils failed to respond
correctly. More than this number failed on test 26: 59:39X85=-..
On exercise :31, namely, 7/8±6, we find nearly 3 out of
every 4, or a total of 1252 pupils out of 1626, failing to write
the correct answer.

These results are recent and they represent a wide sample
of the state. Woody believes that these low results are in
no way (Inc to insufficiency of time,most pupils finish in ten
minutes though the test allow zwenty. Furthermore, he be-
lieves that these results are slightly higher than those gener-
ally secured from the ninny cities contributing to the develop-
ment of the Woody standards.

This table was furnished to, the writer by Professor Clifford Woody.
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This concludes our evidence. Since our study was first un
dertaken Thorndike has reported much evidence on this issue.
The results of the two studies are in entire agreement, as
may be seen by a reading of Chapter V in Thorndike's "The
Psychology of Arithmetic." The general trend of his argu-
ment appears in the following: "It is clear that numerical
work as inaccurate as this has little or no commercial or in-
dustrial value. If clerks got only six answers out of ten right,
as in the Courtis tests, one would need to have at least four
clerks make each computation and would even then have
to check ninny of their discrepencies by the work of still other
clerks, if he wanted his accounts to show less than one error
per hundred accounting units of the Courtis size. It is also
clear that the habits of . . . absolute accuracy, and satis-
faction in truth, a result which arithmetic is supposed to
further, must be largely mythical in pupils who get right
answers from only three to nine times Out of ten!"

The Passing Mark in Secondary Schools.

In a recent conference it was developed that the school
officials commonly report the passing mark as being, 70, 75,
80, or even S. per cent. In the light of the evidence here sub-
mitted it must be clear that so high a passing mark is a myth.
A passing mark of T5 or even one so low as 60 per cent could
not possibly be supported by test results now in existence. It
is interesting to speculate what kind of a test one would need
to give in order that a considerable number of pupils would be
able to respond correctly to 75 per cent of the test elements.
The tasks would need to be very, very simple and of the types
which receive considerable drill in the home, in the corner
drug store, in the grocery store, on the play ground and in
numerous other life situations. Returning once more to our
Inventory Test there are only eight items which receive 90r.
correct responses or better, and these items are the simple
tasks: "One dozen equals how many things? One pound equals
how many ounces? One hour equals how ninny minutes? One
minute equals how many seconds? If you have two numbers,
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how can you find their sum? What is and, Make draw-
ings showing that you know the meaning of the words 'circle'
and 'square'," At least four of these items are learned by a
considerable number of children before they enter the first
grade.

It does not seem that 80% mastery is an unreasonably high
standard to expect on items that the school has definitely in-
cluded in its program, but if we are willing to accept 80% as
our standard, we get only twelve additional tasks done at this
level. These are: "One yard equals how many inches? One
bushel equals how many pecks? If you have two numbers,
how can you find their product.? If you have two numbers,
how can you find their difference? If you know the cost of
a certain number of pencils, how can you find the cost of one
of them? What is the difference between eight and five? Look
at this: 16 ± 8 =2, which number is called the quotient? Look
at this: 9 + 7 = 16. Which number is called the sum? Write
3% as a decimal. Write 0.25 as a common fraction. Make
a drawing to show you know the meaning of the word,
'triangle'." The reader will agree that all these are simple
tasks. Many children learn at least three of these before en-
tering the first grade and it is possible that a considerable
number learn all but two of these before completing the third
grade.

We have chosen our evidence from one of the most definite
of school subjects and we have selected tasks that are common-
ly found as objectives in courses of study. What do we
achieve in the less well defined subjects if our attainment is so
low in a well standardized field? It is not likely that ques-
tions in the social studies excepting possibly one concerning
the discovery of America, could be asked of three thousand
beginning seventh grade pupils with anything but low returns.

It is not clear how teachers arrive at the high passing
mark, Possibly we give a mark from 80 to 100 for "oral
recitations," another equally high mark for general cooper-
ative spirit or discipline, then weight these marks so that out
of this computation a comfortable passing mark of 80 per cent
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emerges. Instead of a passing mark of 75r,1 or 80%, it is
the writer's conviction that the real passing mark of our
American secondary schools at the present is somewhere be-
tween 40 per cent and :10 per cent.

A. Need for Action.

The lesson to be learned from these figures is that there is no
time to be lost. The crucial question before us, the teachers in
the secondary schools, is how to improve the quality of mqusiar.
ship. We can easily explain the situation by saying that the
population of the secondary schools has increased rapidly.
Undoubtedly we have not been able to meet the situation with
teachers adequately prepared. We may say also that, since we
are getting a larger sampling in our high schools from society,
the chances are that the general level of ability has been
sharply lowered. We may add, moreover, that the pupils are
no longer of the same type as were those in our high schools in
the nineties. Many come from "first generation homes." They
do not even speak our language. Every school subject now has
unusual difficulties with the vocabulary of the subject. We
live in days in which concentration on purely scholastic
matters is infinitely more difficult. Throbbing life all about
young people pulls the attention away from scholastic activi-
ties. Although all this may be true it yet remains that we, the
class room teachers, must take prompt action before the public
generally recognizes just what is happening. Confusion may
result if society concludes that it is not getting a just return
for its huge investment in secondary schools.

Even if we should undertake remedial measures now there
is no guarantee that the changes proposed will be given
enough time,a fair chance to prove their worth. For ex-
ample, the writer knows professors of mathematics in college
departments who are bitterly critical of the mastery shown by
the product that comes to them from the high schools. They
promptly put the blame upon general mathematics, upon cor-
related mathematics, or upon the program of the National
flommittee. The fact is that of all of the students who now
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come to colleges and universities very few have studied general
mathematics or correlated mathematics, and certainly the stu
dents could not yet have been harmed by the program of the
National Committee on Mathematical Requirements. These
men have listened to the discussion of the newer things, or they
have read about them in educational journals, and they con-
clude that the very poor material with which they deal is
directly due to these recent proposals. Whereas the clear fact
is that this material is almost altogether the product of "good
old fashioned materials and methods." So far as the writer
knows there is only one college or university that may be con-
sidered an exception, and the troubles of that institution seem
to be due to accepting credits in "scrambled" plane geometry,
If high grade men in the university are impatient in giving the
newer courses time to prove their worth, --a real chance, how
patient may we expect the general public to be with our short-
comings?

A Program for Improvement.

At least six measures can safely be taken to improve the
quality of our scholarship. (1) We need to formulate a basic
philosophy for the guidance of our work. We dare no longer
drift on an uncharted sea. We need guiding principles to help
us in the selection of materials, in the choice of methods, and in
the placement of emphases. (2) We need to formulate in a
specific way the outcomes that we desire and the degree of
mastery for which we strive. If we want our pupils to know a
certain principle or a specific formula, the superintendent, the
principal, the teacher and the pupils must all be aware of that
objective. It is futile to expect to secure results in mathe-
matics by the "shotgun" method. It is clear from our test
results that the mastery of any task, unlm, so simple that it
needs no formal instruction, is not a byproduct. We must
strive for it definitely. (3) In selecting our specific objectives
we need to place emphasis on those elements of the curriculum
for which a positive case can now be made by the use of one or
more objective studies of the use of mathematics. Our work



72 The First Yearbook

in curriculum building at best will be rough enough. There is
no excuse for neglecting the elements that do have support on
the basis of social need. A course of study based on the st1111-
mary of tNvents nine objective studies which have more or less
bearing On what should be taught in junior high school grades
will be submitteil. i 1) We need to employ certain well-
accepted principles from the psyehology of drill. Obvious-
ly the ordinary algebra is weak in its application of the
psychology of drill. this in spite of the fact that the field of
educational psychology seems to have made its most valuable
contribution of recent years at this point. A list of principles
for drill purposes which the writer has found helpful in his
own daily class room work will presently be presented. (5)
We need to construct our teaching materials under precisely
controlled and tested conditions. Most text books are still be-
ing written by persons quite removed front the activities of the
pupils for whom they are Intended. published without exper-
imental use, and sold for a number of years, until an
avalanche of criticism compels revision. The revision results
in changes, the need for which would have been obvious had
the text been tried out in a limited, carefully controlled man-
ner. It is astonishing to see that some writers are only now
discovering the need for timed practice exercises in algebra,
apparently ignorant of the fact that such materiAls growing
out of detailed studies of children's responses have been avail-
able for years in a few progresive books. (6) We need a basic,
introductory course (general mathematics) in grades seven
and eight and for certain groups in the ninth grade.

The preceding remedial measures will now be discussed
in some detail.

I. THE CH7IDING PRINCIPLES

A tentative list of guiding principles have been proposed
elsewhere* and need not be repeated here. However, the read-

See A Tentative List of ObjeetiveS In the Teaehing of Junior High
School 11'011(.11101(14With Investigations for the Determining of
Tin it Validity. George Wahl, Publisher. Ann Arbor. Mich.
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er should have these in mind as we proceed to the next step.

II. SPECIFIC OBJECTIVES

The next remedial measure suggested is the formulation
of a list of specific objectives.

There was nothing indefinite about the work of the algebra
teacher in the nineties. But there is danger that the newer
education in spite of its many good points will drift into the
vague, as may be seen by a study of content of the first seven
series of books written for the junior high school. The
material included in these books is suggested in the following
table.

TEXT SEVENTH EIGHTH NINTH

let half
year

2nd half
year

tat half
year

2n,1 half
year

let half
year

2nd hall
year

A. Arith. Int.
Geom.

Algebra Arith. Algebra
and Trig.

Plane
Geometry

B. Arith. Geometry Arith. General
Math.

Algebra Algebra

C. General
Math.

General
Math.

General
Math.

_

Arith. Algebra Algebra
and Trig.

D. Arid'. Arith. General
Math.

General
Math.

Algebra Plane
Geometry

E. General
Math.

General
Math.

Algebra Algebra Arith. Aritb.

F. Arith. Arith. Int.
Geom.

General
Math.

General
Math.

Gen. Math.
and Trig.

G. General
Math.

General
Math.

General
Math.

General
Math.

Algebra Plane
Geometry

This table reveals an astonishing degree of variation. It
would sent difficult for a parent to predict what large field
of mathematics his child will be expected to study. Election
in mathematics might mean arithmetic, geometry, algebra, or
general mathematics. This is even true of the last half of the
ninth grade. Three of the books offer plane geometry, one,
arithmetic only, one, general mathematics including a unit of
trigonometry, and two offer algebra, each including a unit of
trigonometry. Is there any wonder that school executives,
supervisors, committees working on courses of study, to say
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nothing of the beginning teachers, are confused by the wholly
different offerings presented? We have here evidence of die.
tinctly different hypotheses concerning the organization of ma.
terials for these grades.

Not only do we need a list which will reveal the specific
concepts we wish to develop, the special skills we desire to fix,
the definite items of information we want to impart, the par-
ticular attitudes we expect our pupils to have, but we need also
to be able to give at least one reasonably good answer for our
choice of each element. It is a fair question for the pupil,
parent, or tax payer to ask, "Why do you teach these particular
things?" To bring this about for his own teaching, the writer
has recently completed a study which eventuates in a long list
of specific objectives. For three hundred five elements he
is able to give at least three answers to the question 'Why
teach this item?" For one hundred forty-nine other items
he is able to give at least one or more. The procedure was as
follows:

I. The formulation of a brief list of guiding principles
implying a philosophy of secondary education.

IL The selection of specific objectives on the basis of the
following five criteria :
a. A summary of the elements for which some kind of a

positive case can now be made by employing one or
more objective studies dealing with the social use of
mathematics.

b. Practice as determined by an inventory of a selected
set of courses of studies:
1. For seventh and eighth grades:

Guiler's Thesis.
2. For ninth grade: A study by the author.

c. The outline of topics as given on ,rages 21 to. 27 in the
report of the National Committee on Mathematical
Rey' iremen ts.

d. An inventory of the contents of the first seven series
Of mathematics texts written for the junior high
school grades.
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e. The decisions of a highly selected jury of five edu-
cators especially interested in the junior high school,
and live leaders in the teaching of high school
mathematics.

III. The refinement of the elements selected and their grade
placement by means of an extensive classroom trial un-
der test and report conditions.

Obviously there is not space here to present the extensive
tables of this study.*

III. A COURSE OF STUDY BASED ON
OBJECTIV STUDIES

The third remedial measure suggested is to examine care
fully our social needs as we build the list of specific objectives.
Presumably no intelligent person would nowadays construct a
course of study without asking such questions as

What mathematics do people; e.g., the grocery clerks, the
pharmacists, foremen in shops, etc., need in common life?
What mathematics do high school girls and boys need as
they go about their courses in industrial arts, mechanical
drawing, fine arts, general science, physics, chemistry, and
the like?
What mathematics do girls and boys need to interpret the
newspapers and magazines that they are supposed to read?
What mathematics do the people need who go to college
and study the mathematical sciences and the social
sciences?

But the probability is that we shall have many lists which
will ignore completely all available studies of a scientific
character. Already we have two extensive lists that represent
nothing more than opinion,their author's and the assent of
a group of teachers (as if we did not have numerous courses
of study made in precisely this fashion though fortunately
lacking the educational "patter").

For the complete list see "A Tentative List of Objectives in the Teach-
ing of ,Junior High School Mathematics. with Investigations for the
Determining of Their Validity." George Wahr, Publisher, Ann
Arbor, Mich.
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Thcre are about thirty studies available which have more or
less bearing on the selection of materials in mathematics for
our secondary schools. Most of these have a greater significance
for the mathematics of the junior high school than for that of
the senior high school. The writer has recently summarized
twentynine studies grouped as follows:

(1) Analyses of pupil activities,one study, Chase.
(2) Studies of the uses of Mathematics in general read-

ing. six studies, Adams, Schorling (4), and Thorn-
dike.

(3) Studies of the social and business activities of
adults, nine studies, Charters, Chase, Mitchell (4),
Wilson, Wise, and Woody.

(4) Investigations of the academic uses of mathematics
by high school and college students in subjects other
than mathematics; six studies, Callaway, Rugg and
Clark (2), The National Committee, Thorndike, and
Williams.

(5) Questionnaire studies, seven,those by Jessup and
Coffman, Wilson, Camerer, Moore (3), and Woody.

We may now ask the question "What mathematics would we
teach if we taught only those elements for which some kind of
a positive case can be made?"

In the following table these items are listed, together with
names in parentheses which indicate the references where
possibly the strongest evidence may be found :
A Colon) of Study Based on Objectire Studies.
1. High skill in the ability to estimate answers for checking results

secured by automatic mechanical devices in the business world.(Woody)
3. Reading large numbers, probably to billions. (Adams)
3. Knowledge of common units of foreign moneythe English pound,the French franc. and the like. (Adams)
4. Familiarity with a large variety of denominate numbers. (Adams,&hurling, Williams, Woody)
6. Familiarity with ^ long list of units of measure, probably more

extensive oven than found in our school texts. (Adams, Schorling)6. The rational use of significant figures. (Nat. Com.)

tlereafter Nat. Corsi. will refer to the National Committee on Mathe-matical Requirements.



Improving the Quality of Scholarship 77

7. Numerical computation with approximate data. (Nat. Com.)
8. The meaning and use of the elementary concepts of statistics.

( Nut. )

9. Computation with short -cut methods. (Nat. Cora.)
10. Taking square root of arithmetic numbers. (ThormIlke)
11. i'mlerstandher the use of mechanical devicesweighing, meas

urine, computing, and the like. (Woody)
12. Skill in the extensive use of tablesbonds, interest, porcentage

solution, screen, discount, printers. and the 111w. (Woody)
13. Familiarity with the metric system. (Nat. Coin. Sehorling,

Woody)
14. Graphical representation of statistical data : (Nat. ('om.)(a) Bar, lino. and circle graphs to represent ratio and dependence.

(Nat. Corn.)
(b) Heading graphs showing relation of one variable to another.

(Thorndike)
(c) Critical faculty in reading and in evaluating graphs. (Thorn-dike)
(d) l'iesentation of laws by mathematical graphs. (Nat. Com.,

Thornilike)
16. The reading of geometric figures by moans of letters designating

points. (Gallaway)
16. Fami.iarity with numerous geometrie terms. a list probably far

more extensive than found in the mensuration of arithmetic. (Gal-
laway. Scholl ing )

17. triderstanding of an extensive list of geometric concepts. most of
wide') can probably be taught to ehildren by simple intuitive and
experimental methods. (Sehorling)

18. The use of simple geometric constructions: (Gallaway)(a I Drawing a line 11.41:111(1Ot of a riven kite h.
(b) Drawing a line parallel to a gh'ell line.
(e) Drawing a line perp-mlicular to a given line.
(d) Drawing a circle or an arc of a circle having given the center

and the radium.
Command of the fundamentals when applied to integers:
(a) For addition the following suggestions seem important:

1. Addends of four digits. (('harters)
2. Six addends and not more than nye places. (Woody)
:3. Five addends with five digits. (Moore)

(11) For subtraction not more than four places in the minuend.
(Woody)

(e) For multiplication we find:
1. The multiplicand five digits. and the multiplier four digits.

(Moore)
2. The multiplicand twelve or less with multiplier three

places or less. (Charters, Woody)
(d) Division :

1. The divMend five digits, and the divisor four digits.
(Moore)
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2. Three place numbers in dividend are most common.
(woody)

20. Binh skill in applying the fundamentals to common fractions with
denominators. 2. 3, 4. 5, II. S, 10, 12. 16. 32. This list, brief as it is,
allows for a "safety factor"it is considerably longer than the one
suggested by Tborndike and much more extensive than that of the
Notional Committee on Mathematical Requirements. (Shor lig,
NVIIsmi, Wise)

21. To guide us in applying fundamentals to mixed numbers the fol-
lowing are significant:
(a) Mixed decimal by mixed decimal (16 cases). (Williams)
11)) Multiplying two fractions, ((lallaway)
(c) Multiplication by a fractional, integral, or mixed number of

dozens. (Mitchell)
(d) Integer by decimal. (Williams)
(e) Mixrd decimal divided by mixed decimal. (Williams)
(f) Addition of any number of twelfths to Integers and mixed

numbers. (Mit. bell)
(g) Reducing mixed numbers to improper fractions. (Gallaway)
(h) Almost any decimal up to four places. (Williams)
(1) Iimxis frequently marked in decimal system. (Woody)
(j) Multiplying five digit number with three decimal places by

five digit number with two decimal places. (Williams)
22. Ability to 11.44, simple business forms: family expense accounts,

checks, 'ills. notes. deposit slip. (('amerer, Moore)
23. Knowles,;. the use of diheount, interest, opening bank account,

etc. Wainer . Moore)
24. Knowledge t: saving and loanieg money, mortgages, building and

loan. sinwit accounts, thrift lanais and real estate investments.
Mixes, and lev:t

25. Acquaintance with insure. e, taxation, and thrift. (Jessup and
('arman)

26. Ability to interpret pereentaga in a great variety of ways. (Adams)
27. Ability to find per cent of a given number. (Williams)
28. Ability to interpret ratio in a great variety of ways. (Adams, Nat.

('am.)
29. Ability to use proportion. (Nat. Com., Williams)
30. Ability to use the simple machinery of algebra:

(a) Use axioms. (Nat. Com., Thordike)
(b) Rend symbols.
(c) Know the menniug of the omission of the times sign.
(d) Know the meaning of the omission of one as a coefficient
(e) "Letting = the number of ," (Thorndike)

31. Ability to translate a verbal statement_ into symbolic. (Gallaway)
32. Ability to deal with a F.ingle phrenthesis. (Thornlike)
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33. Ability to deal with a simple fractional exponent and transforma-
tion of the type 4a = a1/3. (Thorndike)

34. Knowledge of positive integral exponents. (Thorndike)
35. The ability to interpret negative r nbers. (Nat. Com., Thorndike)
36. The evaluation of simple algebraic expressions. (Nat. Corn., Rugg

and Clark)
87. The ability to apply fundamentals to simple algebraic terms, as for

example, multiplication of two binomials. (Rngg and Clark)
38. The ability to apply fundamentals to simple fractions. (Rugg and

Clark)
39. The ability to clear a proportion of fractious great skill in the use

of the proportion form of equation. (Thorndike)*
40. The ability to form correct proportions. (Rugg and Clark, Thorn-

dike)
41. The ability to do the simplest cases of factoring. (Rugg and Clark,

Thorndike)
42. Understanding of the linear function. Y = mx + b. (Nat. Corn.)
43. Ability to use equations of the first degree and one unknown.

(Rugg and Clark)
44. Ability to use simultaneous linear equations in two un', ,owns.

(Nat. Corn., Williams)
45. Ability to use fractional equations, (Williams)
46. The ability to use quadratic equations in one unknown. (Nat.

Com.)
47. The ability to obtain L. C. M. by inspection in the case of a frac-

tional equation with simple numerical denominators. (Itugg and
Clark)

48. Ability in the use of the formula:
(ti ) Ability to read simple formulas.
( h) Ability to solve simple formulas.
(e) Ability to evaluate simple formulas.
(d) Ability to construct simple formulas.
(e) Ability to change the subject of a formula.
( f) Ability to substitute in a formula. (Nat. Com., Thorm like)

49. Some skill hi the solution of verbal problems. Those dealing with:
(n) Proportion, such ns mixtures. (Thorndike)
(h) Buying and selling goods. (Wilson)
(r) J.nbor and wages. ( ilson)
(ci) Int erest. ( Wilson )
te Rent. (Wilson)
(f) insurance. (Wilson)

Contradicts other evidence but the writer is eonvinced that Thornlike
is correct.
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(g) 31easnrement of capacity. (Wilson)
(h) Estimates of building materials. (Wilson)

O. Ability to use toga rit) ois in romputation. (Nat. Coln.)
51. Ability to use sine. ( tie, and tangent in the solution of simple

PrIAlletus of the right triangle. (Nat. Com., Rugg and Clark)

The Inadequacy ' ny Single Objective Study.

It ought to be unnecessary to point out that any one of the
so-called scientific studies now available cannot serve as the
basis for the selection of subject matter. But it is not in-
frequent that much publicity is given to a single study hold-
ing out the hope that our curriculum problems are being
solved by it alone. In the summer of 1924 the newspapers
of our Nation's capitol. at the time of a great teachers' con-
vention. gave much publicity to one of the so-called scientific
studies in a way that was probably very deceptive to the public.

Let us examine two studies to illustrate this inadequacy.
Consider first the most recent study by Adams in which he
tried to discover the mathematical uses in general reading.
He finds very little trace of algebra. geometry. or trigonometry.

In discussing the last item Ilohbitt* concludes that therefore
it is unwise to teach the simple materials of geometry and
algebra in the .junior high school years as is advocated by
certain leaders. How much weight should be given to this
advice is suggested in the next study.

The Frequency of .1fathematieal Terms, Especially Geometric
Terms ii Readin,a 3faterials.

All mathematical terms appearing on certain pages of some
magazinest were tabulated. The following table indicates the
items in order of frequency. The figure following each item
shows the number of times the term was found. A word was
tabulated only when used in a geometric sense.

See Elementary School Journal. October 1(124.
trtio magazines were (1) Popular Mechanics every issue appearing in

1921. except the september number: (2) Popular Scionee every issue
appearing In 1921 except the February. October, and November issues.
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end 507 contact 24 point of contact 6
length 285 series 22 sector 6
side 245 extend 20 deflection 5
center 203 capacity 20 divis;on
lines 201 triangle 20 extension 5
surfaces 185 radius 19 graduation 5
position 181 span 19 inverted 5
point 166 opposite side 19 inclination
cylinders 149 shaft 18 leg 5
space 130 located 18 perpendicular 5
diameter 128 straight 16 polygon 5

base 116 semi-circle 15 quadrant r,

edge 113 tapered 13 rectangular 5

sections 112 range L5 analysis 4
angle 109 location 14 axis 4
width 103 degrees 14 curvature 4
heights 103 solid 14 cubical 1

square 101 segments 11 perspective 4

measures 91 succession 14 projecting 4
distance 90 directed 13 rectangles 4

plane 80 laterally 13 reflecting 4
vertical 74 longitude 13 semicircular 4
thickness 73 altitude 12 variation 4
ratio 62 centrifugal 12 vertically 4

proportion 62 interior 12 adjacent 3

revolved 57 cylindrical 11 apex 3

depth 56 pitch 11 approximate .1

project 54 volume 11 coincide 3
horizontal 49 cycles 10 coincident 3

curved 46 grade JO constant 3
level 44 ring J..) integral ..

faces 43 triangular 10 conclusions 3
circular 41 alinement 9 concave 3

area 40 alternating 9 concentric 3

opposite 38 angular 9 equi-distant 3
central 38 equivalent 9 longitudinally 3

similar 36 focus 9 longitudinal 3

parallel 35 latitude 9 mile 3
circle 35 pyramid 9 mit iple 3
direction 35 linear S sp"rally 3
arcs 32 opposite end S terminates
divided 32 rotating S angle of inclination 2
equal 31 slope 8 coordinates 2

circumference 31 con;cal 7 cross section 2
cone 30 elevating 7 caliber 2
inclined 29 forms 7 diagonally 2

alternate 28 convex 6 differences 2
dimensions 28 deviation G directional 2
rotates 27 elevate 6 diagonal 2
corresponding 27 feet 6 definitions 2
scale 27 hexagonal 6 elliptic 2

arms 2' incline 6 ellipses 2
right angle 26 intervals 6 encircle 2

pivot 26 middle 6 equal parts 2
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extremity
graduate
graph
hemispheres
hypothesis

2 acute angle
2 breadth
2 cubic foot
2 concentration
2 cycloidal
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i logarithmic 1
1 lengthening 1
1 magnitude 1
1 mid-way 1
1 mid-position 1

internally 2 vorresponding sides 1 oblique 1
intersection 2 converged 1 octagon 1
limits 2 compass 1 opposite directions 1
long Y chord 1 prising 1
maximum k clockwise 1 proposition 1
minimum 2 eylindor 1 parallelism 1
meter 2 dep.,t s on 1 pentagon 1
mid-point 2 d'agrani 1 perimeter 1
polar 2 disproportionate 1 pi 1
projection 2 equilateral 1 plotted 1
reverse side 2 triangle 1 radiation 1
result 2 elongated 1 reflection 1
ring of surface 2 erected 1 reflective 1
rotation 2 equatorial 1 rotatable 1
spherical 2 elevation 1 square root 1
spind:e 2 exterior 1 segment of a circle 1

successive 2 external 1 sequence 1
slanted 2 elliptical 1 straight side 1

segmental 2 foundation 1 terminals 1

square inch 2 geometry 1 transversally 1

taut 2 hem ispherical 1 trajectory 1

transversal 2 hypote,.,Ise 1 traversing 1

unit of measure 2 heptagon 1 tangent 1
vertical 2 hexagon 1 traversal 1

position 2 involute 1 triangulation 1

wide 2 iden tival 1 T-square 1

anti-clockwiso I infinity 1 unequal 1

ax'al I intersect 1 whole 1

approximation 1 isosceles triangle 1 zero 1
altitudinous I lengthwise 1 zone 1

Con.quNions:

1. It is important to note the larger number of geometric
terms. In all there are 211 terms geometric in nature. This
statement is of great importance in the light of Adams' investi-
gation. In his study of the use of mathematics in general
reading, Adams included only newspapers of the popular kind.
Our study suggests that if you vary the material, keeping
well within the range of what a considerable number of high
school people read, a large number of geometric terms will be
obtained.

- The material in the preceding table probably has consid-
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enable stability. Win approximately threetifths of the num-
ber of pages had been tr.bulated, the twenty highest items were

TALILE A

TUE TWENTY HIGHEST ITEMS WHEN APPROXIMATELY 3/5 O1 THE
MATERIAL IS TAIIELATED

End 300 Center 80 Width 55 I Diameter 63
Length 150 Surface SO Distance 49 !Height 03
Side 137 Point 85 Square 9 Section 60
Nsition 111 Edge 73 Angle 40 Cylinder
Lines 90 Base 68 Thickness 43 Space 56

ranked in order, as is shown in Table A. When.all the material
had been tabulated, the twenty highest items were again
ranked, as is shown in Table B. It will be observed that only
one item (thickness) is replaced by a new item (measures)
when all the material is read.

TABLE B

THE TWENTY HIGHEST ITEMS WHEN ALL MATERIAL IS CONSIDERED

End 507 1 Surface lsti Space 12s 11 filth 105
Length 2S5 I Position 179 Base 116 Height 103
Side 245 Point 166 Edge 113 Square 119
Center 203 Cylinder 149 Sect ion 112 Nleasure 91
Line 109 Diameter 12g I Angle 109 1)ktance 00

3. It should not be inferred that the material constituted
a random sampling of the material of this type that young
people read. In fact, the terms "zero," "isosceles t riangles,"
and "perimeter" all were found on the very last page read.
No thoughtful person can observe the familiar te"ins appearing
only once in our table without recognizing that the study needs
to be extended before it is of Much use as a guide. This
fact does not reduce the importance of this study to zero.
It is entirely adequate to show the limitation of Adams' selec-
tion of material. Moreover, it suggests the fallacy of Bohbitt's
conclusion in the discussion of the study by Adams implying
that high school pupils in their reading do not need to know
geometric concepts.*

*Elementary Sellool Journal, Outolier
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Next, let us examine what is probably the best known of
the studies, namely Wilson's collection of problems. Wilson
ass des that he has a random sampling. He found not a
single trace of stocks or bonds. At the time that he made
this study, according to government reports there were over
.400,000 stockholders of corporations. It has not been pos-
sible to find an estimate of the number of bond holders, but
it must have been very great, for municipal bonds, township
pike bonds, and the like, had been in common use long before
Wilson's study was made. There is here then, clear evidence
that he did not have a complete picture of mathematical needs,
but for the sake of argument let us make the false assump-
tion that people did not in common life possess stocks and
bonds at the time he collected his problems. Before Wilson
analyzed his problems and printed his conclusions the Govern
ment was making a nation-wide di ive to get all people to in-
vest in Liberty Bonds. Mathematics must not only meet
present needs, but it must teach tr case fundamental principles
that will make it possible to anticipate future needs.

A third factor is one suggested by Thort like. The question,
"What uses do people make of mathematics?" is not the only
issue. It is perhaps even more important to inquire: "What
use could they make with great economy and profit?"

From these illustrations it is quite clear no siturle study
can serve as a sole basis for choice of materials. Nevertheless
the writer believes that the preceding summary of all the
objective studies now available constitute a very valuable side
light on our problem and which we dare not neglect if we wish
to proceed intelligently in the choir e of materials of instruc-
tion.

IV. TIIE PSYCHOLOUY OF MULL IN MATHEMATICS

The National Committee on Mathematical Requirements
with the assistance of nearly a hundred mathematical organ-
izaticns undertook a national campaign to decrease the amount
of manipulation of symbols and to increase the amount of
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purposeful work with verbal problem materials. This program
with few exceptions met with hearty approval in scores of
mathematics meetings. In fact it is difficult to find anyone
who does not approve of the Committee's effort in theory,
but practie is another matter. Many teachers traditionally
trained and accustomed for many years to teaching courses in-
volving probably eighty per cent of meaningless manipulation
miss the complicated factoring problems, the "apartment
house" fractions, and the "nests" of parentheses, as well as
other old friends. They beg for more drill materials when
they undertake to carry out the program suggested by the
National Committee. We do not need more drill materials of
the traditional type but more drill of the right kind. The data
presented in an earlier section constitute clear evidence that
what we have in the traditional courses does not function to
any considerable extent, and it is not likely that we could get
appreciable increase of skill by increasing the amount of drill.
A physician having given an overdose of the wrong medicine
would probably not decide to increase the amount.

While our traditional texts have placed much empllasi3
upon drill they have not to any considerable extent used the
available guides for making drill materials effective. Perhaps
the reason is that the accepted principles are nowhere listed
in convenient form for the class room teacher. The busy
teacher iu reading his psychology is wearied by the necessity
of going over sacks full of chaff which contain only a few
handfuls of grain. The writer finds in the following list the
principles which have been of practical help to him in the or
ganization and administration of drill materials.

1. Drill to be effective must be individual.

We must stop drilling the few at the expense of the many
and permit pupils to progress according to their varying
skill and abilities. In ordinary practice we still teach a
grt. of children as if all were at one level,as a class. The
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fact of course is that we are dealing with 25, 30 or 35 individ-
1Ve would not permit a dentist, a physician or a surgeon

to deal with children in mass fashion. We know the mental
differences to be very great and to represent very different
needs. Because of on!' necessity we hear much about the
Dalton plan or sonic modification of it. We seem to have two
groups, the first who cling fondly to the unmodified traditional
group procedures. It is said that in such classes there are
many failures or that many pupils .tre passed on to the next
course with very low mastery. This indictment seems plan-
slide for the teacher does not really know what is happening
when he makes no analysis of his work and deals only with
surface matters. In the other extreme there is a small group
who advocate abandoning all recitations and making every
part of instruction individual in character. Possibly there is
truth in both contentions. One might argue that concepts,
meanings, and attitudes can best be achieved with the mo-
mentum of a socialized or group recitation, but that the skills
are best taught on an individual basis. Colvin estimated that
the American secondary school wastes about one-half of its
time. Is not this waste largely due to the senseless effort
to fix the skills by group recitations?
2. ln lleneral there should be much practice for a few skills

rathrr than a little drill on each of many things.
The objective evidence on the mastery of our pupils implies

a need for decreasing the number of things to be expected of
children. Can the teacher of physics honestly claim to teach
all the elements that are designated important in our Bch )ol

texts? Many of the text books in the social studies are
written at a dead level and to most teachers one item is as
important as the next one. In arithmetic we spend much time
iu adiling, subtracting, multiplying, and dividing the uncom-
mon fractions to the neglect of those fractions ;Odell do occur
frequently. It would be whnlesome if high school teachers
were to strive to teach fewer things but to teach them better.
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3. A drill exercise must be specific.
It is common practice for teachers day after day to place

miscellaneous exercises before the pupils. The teacher does
not know which pupils need the drill nor does he know what
particular bonds are strengthened by such exercises. If we
wish pupils to learn how to place a decimal point, then it is
possible for us to organize a series of problems in which the
one element to be learned is placing the decimal point cor-
rectly. If we desire to give our pupils greater skill in learn-
ing to add halves, quarters, and eighths, then it is possible
for us to set up a training series in which every pupil and the
teacher will know that this is the specific thing to be prac-
ticed and similarly for every other bond that needs to be formed
in mathematics. There is of course no implication here that
we do not need miscellaneous lessons for recall and test
pmposes.
4. A drill exercise must proride a scoring technique so that

the pupil may watch his daily growth.
One of life's greatest challenges, or interests, is aehicrement.

Golf and tennis wot Id for most of us be very stupid games if
we had to play them without keeping scores. Teachers have
always emphasized, perhaps too much, the idea of competition.
We try to make each pupil excel others in the same group.
For many pupils heredity and experience have made it im-
possible to do much in the way of exceeding others in the
group. But every pupil in a class room can excel his previous
reeord and this is probably as good a learning challenge as
exist.; in a class Mont. I It is to be hoped that this neglected
means of tin will he more largely utilized in the future.

(!,11 exereis Nhould br Ntondardized.
The pupil situaid have at least a rough notion of the task.

It is helpful to the pupil to know what percentage of the pupils
of his ap,0 or grade succeed in doing the tasks ar at what
level the work is to be done. Moreover the teaeher needs this
information for grade placement of exercises. It is inefficient
for the seventh grade teacher to teach materials as if the
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sixth grade teacher had never touched it. Supervisors insist
that at times one can not tell by the material or method
whether a class is a sixth grade, seventh grade, or an eighth
grade. A city system should be able to state that it expects
the excellent pupils in tb sixth grade to be able to do a par-
ticular task at this /eve/ of difficulty. The implication is that
the series of tasks shall be carefully chosen and shall have
been given under precise conditions to many pupils,in brief,
it should he standardized.
6. Drill material should be so constructed as to make possible

the diagnosis of individual disabilities.
Each pupil must have the opportunity to concentrate upon

those processes which present peculiar difficulty to him.
There is little drill material now available which enables
teachers to do diagnostic work in any practical helpful way.
The crux of the whole matter is the present machinery of
test materials. Whether we continue to teach classes or go
entirely to some individual basis we obviously need test mate-
rials that are more easily administered. The preparation of
most teachers makes a simple organization imperative. It
is believed that it is practical and feasible to construct a series
of timed tests for a single grade with a single time unit (or
multiple time units to be explained presently) for an drill
units. Probably the optimum time for complete, concentrated
work is close to three or four minutes in the seventh and
eighth grades, and may be as much as eight or ten minutes for
the more mature pupils in the algebra of the ninth year.
Certainly the time for concentrated drill in the seventh and
eighth grade arithmetic is not as long as 20 minutes, a figure
suggested by a prominent. psychologist. By this device once
the testing begins all pupils take the test on the first unit
of instruction. The pupils succeeding on the first trial pro-
ceed to the next test on the following day. By Thanksgiving
time it is conceivable that Mary Brown may be working on the
seventeenth test and John Doe on the second. All that the
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teacher does is to start the whole group on a. timed test and
to stop them at the end Of the period.

It 11 pupil fails to pass it particular test on a particular
unit or Work in a reasonable number of trials, it is obvious
that he needs special attention. If he makes normal progress,
as for example passing a test arter a halfdozen trials at home
and three or four official trials under the teacher's timing, lie
may he allowed to pt cued without wasting ally of the
teacher's time Or energy. This machinery is further improved
by test booklets in place of the commonly used cards. Under
the card system teachers start enthusiastic:illy in the fall to
manipulate the practice cards and to keep the complex records
but soon lose out in the mass of routine and thereafter con-
fusion reigns. A test booklet with all record forms and norms
under one cover to be kept on the teacher's desk, one for each
pupil, or, better still, in the hands of the pupil, seems to
promise greater efficiency.

7. In the early stage- I in the fixing of a bond, progress should
be relatively deliberate.

In the early steps we should teach for power rather than
skill. Another way of saying this is that the pupil should be
provided with rich experience or numerous and vivid illustra-
tions before much drill is administered. This is probably one
of the principles in the psychology of drill most neglected in
the teaching of mathematics. Algebra has often been severely
criticized as placing extreme emphasis upon the manipulations
of symbolism which have little meaning to the pupil. Teachers
of freshmen courses in the university find that pupils can
factor and simplify complex fractions with considerable skill
in spite of little understanding. Probably the cause of this
unfortunate condition is that high school teachers drill on
processes before children understand. We attempt to cut
across lots in learning when the road to clear concepts may
be rough and circuitous. 'Do teacher having been over the
road often assumes that what is clear in his mind is easy to
grasp by the pupil. lie leaves "gaps" in the learning process
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when he should construct intervening steps by richer pupil
experience. The de% elopment of the newer courses for the
seventh and eighth grades in which a wider use is made of
sense experience as a basis for the ideas of the algebra of the
ninth year represents an effort to apply this important
principle.
8. Drill should be organized 80 as to prevent the use of

"crutches."
The writer has observed one of the most brilliant teachers

in the research field of mathematics take time day after day
in his university crosses to solve quadratic equations by
"completing the square." When asked why he stopped his
development again and again to take this roundabout method,
he replied that he had never received drill in the use of the
formula method during his high school days. Y.Ie knew the
formula method well enough but to use his words, "It wasn't
handy" for him. A few summers ago the writer in the midst
of a demonstration lesson at Teachers' College discovered a
boy who could not pass the multiplication test with ele-
ments similar to the following : 465

87

In taking this test the pupil said,
-7 x x7 is :L, x 6-6 x 7 is 42, 7 x 4-4 x 7 is 28, etc."
In the intermediate grades he had learned to "twirl the stick"
so as to grasp it by the easier end. The result was that it
took him longer to do a multiplication problem than most
boys of his mental age and grade. This same boy had a second
crutch. quite common, namely. to write at the side, the figure
which is to be carried in the next step. In long problems he
had ninny figures written at the side and frequently chose
from this group the wrong figure to he carried. The thought-
ful teacher of mathematics will be constantly on his guard
not to establish mental connections that will interfere with
later progress.



Improving the Quality of Scholarship

9. Not all bonds should be given practice until high skill
i.' obtained.

I'vrhaps this principal should be stated as a corollary of
the preceding. A good illustration is to he found in the
method of teaching the solution of the quadratic equation.
The instructor frequently uses four methodsthe graphic!,
factoring, completing the square, and the -formula. If a
teacher has twenty hours for practice, how 5110111(1 he distrib-
uw his tins(''' Would it be wise to give five hours practice
On earl' method? Would it be wise to drill until the pupils
have skill in the use of each method? Test results suggest
that what happens under files: conditions is that pupils
achieve mastery of none. If pupils are to use the formula
method. it will be wise to give just enough experience with
the other methods for understanding and to place the emphasis
for high skill on the formula method. Teaching a process by
two methods does not imply that pupils will have higher skill
in dealing with that process.
10. The goal of a drill ea ...rcise must be a reasonable one.

This principle seems to demand a eomplete reorganization
of our drill materials for the mathematics of the secondary
5(11(101. It will be admitted that everything else being equal
an exercise becomes more interesting Nvhcn a specific goal is
set before the pupil. "Can you (10 forty problems in eight
mintitts?" is a greater challenge than "Can you do forty
pro,,b4ms?- A goal involving speed and accuracy based on
norms carefully secured iv sound motivation but the difficulty
Ills in that our pupils are not so classified as to make it a
fair propilsition to expect the same performance of all chil-
dren under standardized conditions. With the hope of solv
ing this practical prot).!41, the writer in cooperation with
others has been experimen!ing to standardize instructional
material oil y, and levels.- A single test follows:

"Goa/ 28. .1 Conip/cti(m TcRt
-Supply the missing terms so that the expressions will lie

perfect square trinomials, and give the binomials of which



92 The First Yearbook

these trinomials are the squares. In every case write the sign
which accompanies the missing term.
in parenthesis when it is given."

1 a2 b2 + 19
2 a2 +4 =( )2
3 25 a2 -1- W.( 20

16"x2 + y2= (
5 4 X2 + y2 = ) 2 21

6 81 + 3(i x2= ( )2
7 a2 (1a = )2 22

8 10x2 8x = (
)2

9 25 x2+40 xy 23= )2
10 36 a2 60 a = ( )2
11 81 + 36 /A = ( )2
12 4 20 ab = ( )2 2 5
13 10 xy+y2=(
14 16 a2+61= ( 20
15 50 xy+25 = ( )2
16 60 xy-1-30= (
17 18 a2 + 9 (

18 + 28 b4+ 49 = ( 28

Re sure to note the sign

+32 m-1-0t=(
a4

b4 = (

x2
f. 10 ..... =( )2

b216 a2... +25
=( )1

X2 v4

16
( )2

0.01 .0 +0.25= ( )2

Y2 ...... +0.49 =( + )2

0.04 X2y2 +25=( )3

+27
( t

4

-2 3 01) =

2 alb+ )22o

GoAL RECORD OF MY IMPROVEMENT ON TEST 28

--
y (;, 11 24

TRIM. 1 2 3 ' 4 5
l.v. u
Rh.viutn

NI!MIIIN
Rico I

Note that a pupil can pass this test at thew level by doing
eighteen problems, or he may persist after passing the test
11 uI aceve a y marl; or even the x goal. It is obvious that
the differentialm gmils can not be made without getting the
reeords of what pupils of varying abilities and at different
levels do with the particular exercises conccned. Ileum the
establishment of these norms means an enormous ainemt of
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work, time, and energy, but a necessity which teathers of
mathematics and possibly those of other subjects now seem
to fare.
11. RIGHT practice makes perfect.

It is t. common saying that "practice makes perfect," a
statement far from true. Many of us got considerable prac-
tice in handwriting but we are not l'N cepthaially exec11.nt
t enmen. A beginning golfer grasped his club with hands
crossed. NO amount of practice yielded great skill under
those conditions. The competent. athletic couch knows that
he must be constantly on his guard ag:tinst practice which
sets interfering bonds. As Colvin has so aptly said,
"Wreng practice is worse than no practice."
12. Errors should be corrected before habits become fired.

This principle may possibly be a corollary of the preceding
law but it is one that needs to be emphasized. Probably in
mathematics we violate its implication most seriously with
reference to written work. i'upils are given exercises to do
which are not keyed and Itence not self scoring. The busy
teacher finds it a physical impossibility to correct and re.
turn the papers before the situation has grown "cold." Hence
the pupil is given an enormous amount of practice on in.
correct forms and the worst of it is that the pupil does not
know which response is right or which one is wrong. The
time to catch an error is at the moment that it first occorm.
13. Everything the being equal, a skill that is fixed in its

naturai settiag Will need less repetition.
The three important factors that determine the strength

of a. connection are (1) the en. ttional setting in It hich it is
formed, (2) repetition, and (3) recency. The thoughtful
teacher knows that he dare not found his ease On repetition
and recency alone. The problems of mathematics must be
motivated and the most effective motivate n is to take a
problem in its real setting or create class room conditions to
simulate the actual situation. it is then that learning .f4

most efficient. It may need to be recalled at this point that

.6
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in our Inventory Test the items which showed high mastery
are preciFly those which received practice in the outofachool
life of the pupils. There are those who say that the mathe-
matics which yepr3ents life's uses need be given very little
practice because pupils will later readily learn this' tasks. In.
deed, Meriam goes so far as to say -The way to teach arithmetic
is not to teach it." By that we assnme that he means (1)
we teach many. useless things which the student forgets and
hence this part is a waste of time and (2) the arithmetic
which the student: will peed In life is very simple and learned
znore effectively at the time he meets the problems. There is
evidence to support this position. 'rhe ease with which adult
immigrants who have not come through our instruction hi the
schools tvljust themselves to the social-economic phases of
arithmetic suggests that we may be wasting much time. At
any rate, practice a skill in its natural setting and fewer
repetitions will be needed to fix it.

1. In establishing a skill try to avoid the stage of diminish
inq rcturn8.

The school has often given practice On material not re-
quired by the detnamb4 of life. We have taught children to
spell words that they never use. We are now in a most
stupid fashion, and on 0 national scale, using drill materials
in arithntelic in the seventh and eighth grade which are
limited to practice witlt whole numbers. While this material
may he highly protitablf in the earlier grades, it certainly is
14IISI'll'!S to rifiltilIV SPVCIlill and eighth grade children to drill
with m hole numbers alone when they obviously need drill with
tilt, frequently occurring common fractions. decimals, per
cents, etc. We are, moreover, teaching the various processes
of arithmetic with practice materials vhich pnt emphasis on
speed and accuracy, but no one really knows the speed and
the acurdcy demanded in usem out of school. To attempt to
drill beyond the desirable limits of 0 skill is surely
a waste. We have clear illusttations in pupils trying to learn

',S t Mnthi.nur ics in Stwoutlary Shilids," Pp. 25261.
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a foreign language when they have very little linguistic
ability, or in pupils with lit th. gift who waste precious hours in
practicing mIsic. We also have a clear example of the stage
of diminishing returns in the ease of the pupil who has failed
a course in plane geometry several times. Papils who have
reached their limit on a school task should certainly be per.
nutted to substitute something else in its place.

srhoot Nhould be staged st that all desirable activities
trill have pleasurable outcomes and all undesirable ac-
tivities trill eventuate in unleaSflat re811Its.'

Thorndike has emphasized the efficacy of satisfaction in'
es,i.ablishing a habit in his statement of the Law of Effect.
Certainly this is one of the great laws of learning. We find
It. exemplified in the training of animals. Habits may he fixed
in an animal in one of two ways; (1) by the giving of a
reward, or (2) ')3, creating an unpleasant condition'. The
direct form which the application of this principle may take
in the class room is the association of 'success with learning.
There is no greater challenge or stimultim to learning. The
pupil must know at every stage of his learning how well he is
kineceeding. In spite of this elementary truth we have care-
fully kept answer hooks away from our pupils in mathe-
matics. Answers furnished on verbal problems where pupils
are tempted to work backward from the answers may be very
injurious but psychology points clearly to the necessity of sup-
plying answers to pupils when practicing materials for skill.
16. In fixing a habit a pupil must be given an attitude in

which he becomes a student of his own growth.
An investigator much int,:ested in spelling recently visited

a certain school. Ile talked on spelling to the pupils at as-
sembly, in their home rooms, and in the recitation rooms.
Standardized tests were given to pupils, parents, and teachers.
Everybody was talking spelling for "spelling was in the air."
The pupils became especially interested in their own improve-
ment. They made charts of tlieir growth. The out-
come Wil8 au astonishing 8111011a of improvement in spelling
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in it ery tinte, The explanation probably lies in the
interest which the individual pupil took in his own "growth
curve," .1 man may have a temporary slump when he begins
to illudy;,,, hi, glum, but he is liwipator

The prine:ple also has a bearing on cheating. In It preced
ink :colon. it m as argued that answers should he furnished
the pupils Iii drill materials. The inexperienced teacher may
say t this leads to dishonesty, pupils will cheat, The fact
is that pupils do not cheat themselves. A tine old 1111111, the
soul or honor, in the early days of his golf practice when
his ball 161 rolled into It particularly nnfavorable position
mos obsvi.viid 1(1 kid; it slyly into it more favorable position.
It was later noted that he had neglected to cella the `""ot
stroke" in his total were. Could it be said that this grand
old man was a liar and a client ? surely not, for as soon as
he became interested in the growth of his own game,in his
daily improvement, he could be trusted to keep an accurate
score. In like manner pupils at their tasks may be relied
upon to use answers honestly US SOOn as they have become
students of their own growth.

l7. Habits must be formed in the psychological order.
There undonbtedly is a best order of the elements that are

emphasized in any drill exercise. If we are about to teach the
uniltiplication tables to a class, should we teach them in this
order: 2's, :1's, 4's, 5's, 6's, 7's, etc., or in this order: 2's, 5's,
10's. s, G's, etc., .)r precisely what order should wviilibti
'Thornlike has emphasized that the psychological o der of
teaching the multiplication tables is not to teach nett at all
as tables. Accordingly, We need to drill on the multi lication
facts without particular reference to formal arrange! ent.

In all probability the reader learned his factor-big types in -
the following order: the difference e1'whsqliares, the square
of the sum, the square of the difference, next the type x2-ca,r+t
and finally the type ax2-1-bx-f-e. Convontional algebras
usually take up one type after another in this order and 1,ive
much practice to :ix that particular kird of factoring ability.
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It turns out that the more desirable order is just the reverse
order. If a teacher gives exercises in the multiplicatiom Of
two binomials so as to give a clear notion of the algebraic
expression ax2--1-bir+0 and then proceeds at once to factor
this type first, all the other cases mentioned are merely "easy
specials" of this general case. The experimental evidence
points definitely to the fact that the reverse order is the better
psychologically.

It take much time and effort to discover which orders
are the better, but the improvement in the teaching of math-
ematics' in the inmediate future will very likely lie at this
point.
18. Practice should be distributed in diminishing amounts

and at increasing intervals.
The importance of repetition has already been suggested.

The trouble has been ',hat text books teach a topic once and
for all. There is seldom adequate or wise provision for recall.
The common method is to teach a process by an enormous
amount of formal drill material presented in one "chunk."
Occasionally a text will have a small review section, usually
in the appendix where it is seldom found. The abandoned
"cycle method" of teaching arithmetic had much of sound
learning in it. We need to come back again and again to a
principle if we are to gain mastery. Experimental evidence
also points definitely to the need of increasing the length of
the intervals between successive recalls.
19. 'The more interesting aspects that enter into .a skill should

be taught early.
We have grievously sinned in this matter in our teaching

of mathematics. Competent teachers are almost unanimously
testifying to the greater interest which pupils have in the
newer courses for grades seven and eight because they include
such matters as the simplo principles of geometry, graphs,
statistics. trigonometry, etc., and best of all, these topics open
up a wealth of new applications. We no longer need to say
to a seventh grade boy when he comes with a problem which
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challenges hini for the first time, "You will have to wait until
the eleventh erade (four years hence) and then we will study
your problem." The new material that is going into the
seventh and eighth grades is replacing topics which are
more abstract and less interesting.
20. 7ilie less di jicult elements should be given before the

more diffient.
Our algebra of the ninth grade has been unnecessarily

difficult. It deals almost wholly with the manipulation of
symbolism and includes a minimum amount of material deal-
ing with personal relations, with manipul'Aion of things, with
motion, with gathering of data, and generalization. We have
been trying by brute force to put the thinking of our young
people at the very top of the ladder. of difficulty without giving
them a chance to climb the int( .vening steps through concrete
experiences. We have been trying to teach them, to Jump to
the tcp of the ladder instead of letting them climb. There is,
moreover, great obscurity in determining what constitutes
difficulty. For example, the early test makers discovered that
pupils did not know the zero combinations and they concluded
promptly that addition problems like 4+0 or multiplication
exercises like 3X0, are difficult. Theie are prominent writers
*ho have not yet discovered the fallacy. It is true that chil-

dren miss these but it is because little practice is given and
not on account of the difficulty. A class can be taught the
correct response to 4 ± 0 much more readily than the correct
one to 7 X 9. When we consider the difficulty of the elements
in algebra we are even more at sea. Nevertheless significant
changes can now be made on the basis of this principle. There
can be no question but that the three or four weeks' unit of
trigonometry now being taught in the eighth or ninth grade
is less difficult than the factoring cases which it helps to
displace. There can be no doubt that when pupils are p2r-

*The application of these principles Will greatly modify our praetive
material. For an illustration of the newer type see "Tnstructional
Tests in . \1gelnn, Adjusted for Pupils of Varying Abilities." Schor-lingClarkLindell. George 'Wan, Publisher, Ann Arbor, Mich.
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mitted to discover experimentally that the RIM of the angles
of a triangle 1s ISO degrees and then obliged to write this
fact algebraically by the formula y+z-1SO that they
are dealing with material that is relatively simple because
it involves handling things, measuring, collecting data in a
table, drawing conclusions, and translating the conelusios
algebraically. These thinking processes involve types of learn-
ing far simpler and more concrete than the solution of a quad-
ratic equation or the s:niplifying of a complex fraction. Hence
practice in these matters should be gi en at an early stage.

This concludes the discussion of drill. While the list may
not be complete, it is hoped that enough has bee given to
,illustrate to the beginning teacher and -to the teacher of the
newer courses the prilluiples of drill which need emphasis iu
order that the work may not become vague and indefinite.

V. GEYERAL MAThEMATICS

Two opposing points of view.

There are undoubtedly numerous educational theories. Al-
most every secondary school man has his own special philos-
ophy. Zs evertheless there are at this time two fairly well de-
fined opposing points of view.
in the following columns

The Older Point of View

The differences are suggested

The Newer Point of View
1. Essentially conservative. In the main. progressive.
2. Teach for skill. Teach for power.
3. Including much drill.' Wider use of sense experience.
4. APproneh to a new concept Approach to r. new concept

through the definition. through varied illustration.
5. Tending to the deductive

method.
Tending to the induct:re method.

6. Formal language. Lawmage "geared" to the level of
children.

7. Believing that mathematics,
Greek. and Latin have unique
mental disciplinary values.

Believing. that discipline is a
function of the teacher : for
('sac ,de, a course in industrial
arts ,sell taught by a great per-
sonality may have more disciplin-
ary value Ulna a course of geom-
etry that is poorly taught.
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8. Striving for completeness in Attempting to shim the
the development of it single ship between the different groups
t pie or subject. of ma teria .s.

0. mphasis on the logical. Emphasis on the ps3'chological.
10. "Take it or leave it" attitude. lnsistene on motivation.

General mathematics has without question been the chief
contribution of the newer point of view.

As is often the case in educational debates:it may well be
that the truth lies somewhere between these two extreme
positions. It is the writer's opinion that it is possible -to set
up a program which will enable us as teachers to use the
valuable outcomes of each point of view. This program has
been previously presented in the five steps under the heading
"remedial measures." There remains for us only to discuss
the fifth remedial step, namely the teaching of general mathe-
matics in grades seven and eight and in the ninth grade to
these special groups: (1) those who for one reason or another
are likely to have difficulty with mathematics; (2) those who
are likely to drop out before graduating from high school.

Twenty -five years ago there were, so far as is known,
no students studying courses in general mathematics. Today
the pupils enrolled in courses in general mathematics
are numbered by the hundred thousands. It must there-
fore be admitted, even by those who are still skeptical,
that the rapid growth of general mathematics con-
stitutes one of the striking changes of our times.
What is general mathematics?

General mathematics iR an introductory, basic, exploratory
course in which the simple and Rignifloan t prineiples of arith-
metic, algebra, geometry, intuitive geometry, statiRties, and
numerical trigonometry arc taught so as to emphasize their
natural and numerous inter-relathms. There has been tonne
colic usion of tortlillloloLty. Few people, for example, would
Nentlire to draw a. distinction between general mathematics
and correlated mathenlatics. Howmtr, there are exponents
of the general mathematics movement who insist that there are
at least two important differences. First, that general mathe-
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=tics is not a desirable substitute for demonstrative .geom-
etry, and second, that the value of general mathematics de-
pends upon what IS correlated and how it is correlated, rather
than upon the fact that something tuts somehoov been con
related. It; is argued, moreover, that the movement started by
ProfessorS Moore mill flyers put far too much emphasis Upon
c014.e4ation for the sal: of correlation. General mathematics
has used the correlation idea,th2 emphasis upon inter-rela-
tions. But its chief objective has been wholly different from
that of correlated mathematics. The aim of general mathe-
matics is :close to that expressed in the document "Cardinal
Principles of Secondary Education." The movement, started
about ten years ago, represented an effort to get a course in the
ninth year which would more nc:arly meet the needs of pupils,
particularly those of low ability and poor background and
those who would leave school before graduating. There was no
intention to set up three or four years of college preparatory
courses. The emphasis was on the notion of a basic explo-
ratory course. For evidence the reader may turn to the preface
of the earliest books ,written on general mathematics.' At that
time it was not possible to teach such a course in the seventh
and eighth grades to any considerable extent because second-
ary school people didn't control the seventh and eighth grades.
'With the rapid growth the junior high school movement
the opportunity to givi such a 11sic course now lies in the
seventh and eighth grades.

The aims of a general course in mathematio.

If one glances through the literature of general mathematics
it is noted that the following outcomes were expected as the
results of organizing such courses: (1) on the side of subject
matter. (a) control of the Aimple and important parts of al-
gebra and geometry, (In an introduction to trigonometry anti
statistics probably adequate for common needs, (e) greater
facility in the use of fractions (common. and decimal) and
of peecentage relations., (d) training in the use of a number of
"optional" topics, e. g., logarithms, the slide rule and tables;
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the children still drop out of school before 'entering senior
high school. The mathematical materials that should be
emphasized are computation and the simple principles in al-
gebra and geometry Nvhich they will need in general reading,
in tie shops, and in the commercial pursuits.

(3) The investigation eendneted by the National Corte,ittee
on Mathematical Requirement., and reported on page 4h in the
"Reorganization of Mathematics in Secondary Education" indi-
cates clearly that what the college man or woman needs to
know are precisely those elementary principles whieh a half
doyen series of junior high school text books are striving to
teach with great emphasis. In the report of the Committee
we read, "It is interesting to note h closely the modifications
suggested by this inquiry fon college aeedsl correspond to the
modifications in secondary pool mathematics foreshadowed
by the study of needs of the high school pupil irrespeetive of
his possible future college nttendance," and later we read,
"That they should be in such close accord with the desires of
college teachers in the fields of physical and social sciences as
to entrance requiiements is striking." A caution may not be
out of place at this point. Test results, as well as common
sense, tell us that pupils forget mathematics and all other
things very rapidly. If a pupil takes a course in general
mathematics (or algebra in the ninth grade) and no mathe-
matics in all the years that intervene between this and the time
of college entrance, he must not be expected to know ranch
mathematics. Several practices now exist tt) solve this prob-
lem. (a) The competent pupils are sorted out at the begin-
ning of the ninth school year and given algebra in the ninth
year to be followed litter by geometry Mid mor.i algebra. (b)
The pupils who, after taking a year of general mathematics,
desire to enter college are enrolled in second semester algebra
and from that point on travel the usual route. (e) Pupils may
take their mathonuities coarses in the later years of their
high school worh. This puts their preparation in mathematics
nearer to their college entrance. The last is but little found
in practice because 'nary pupils needing the course would be

eh
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leaving school before they had at, chance to take the course.
(I) The rapid growth of the junior high school movement

has given teachets a greater opportunity to teach worth while
courses in the seventh and eighth grades. To be sure there
is no reason wily the -same course could not be given by a
competent teacher in the seventh and eighth grades of the
conventional ilerneni,ary Itut the fact is that educa-
tors are more anxious to in;tiate solid, substantial work in
these grades once they have accepted the machinery of the
junior high school.

(5) The large number of failures together with the
very low mastery on the part of pupils who pass the
courses, makes it necessary that we organize the materials in
the form in which they are most readily learned. General
mathematics utili7.es a wider range of sensory experience.
Lcerything else being equal, a problem accompanied by a
graphic picture is more easily understood and appreciated
by a greater number of pupils. Can "easy" mathematics be
worth while? The psychologist says that a subject can not
be made too easy.' Surely the teacher who by keener insight
into the nature of mental life succeeds in making mathematics
clear and vivid is to he preferred to the teacher who by the
lack of psychological insight presents the same subject matter
in a way that makes it difficult for pupils. There is evidence
that a large number of pupils in our high schools do not have
the ability necessary to pass the formal algebra eourse,at
any rate not without sonic preparatory course along the lines
of general mathematics.

((1) General mathematics facilitates motivation. Because
the logical order has been replaced by the psychological
order, in which the pupil learns the important. principles
of algebra and geometry along with his arithmetic much
earlier, the opportunity for Helier application is present
throughout the junior high school years. If a pupil heroines
interested in a problem in another school subject or in his
out ofhchoot expeieoe, lie need not be required to wait three
or four ycars before he can understand its solution. Since
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the Materials are drawn from several different fields, the ii.
lustrations are more varied. Hence the general courses are
said to be more interesting for most pupils.

Co. ne sion.

This discussion has recognized the improvement of the
quality of 8cholarship as the most important problem arising
out of the last quarter of a century. Two points of view
concerning the teaching of mathematics have been presented.
These two positions appear to be widely separated. It has
been argued that each side has something of value in it for
us that we dare not neglect. In fact a program has here been
proposed which would utilize the chief values from each group.
The suggestions for improving the quality of scholarship that
have been discussed in some detail are:

1. The formulation of a basic philosophy (from the newer
education) .

2. The listing of specific objectives (from the older
education ) .

3. The placing of emphasis on objective studies in the
choice of objectives (from the newer education).

4. The careful use of the psychology of drill (from the
older education).
The teaching of general mathematics in grades seven
and eight and for a limited group in the ninth school
year when pupils have not had these materials hi grades
seven and eight (from the newer education).

Why do we always.need to choose between the "old" and
the "new"? The old is never dead and the new never alto-
gether new. The leaves of a tree fall to the ground, wither
and fade only to live more vividly in the new. Not the old or
the new, but the old and the new.



IMPROVEMENT OF TESTS
IN MATHEMATICS

B W. D. REEVE

INTRODUCTION

It will be admitted that the testing movement is wholly the
product of the last twenty-five years, Hence, there is
a place in this Yearbook for a section of which the aim is
to present a brief review of the various types of tests in
mathematics that have been used in this country during the
past generation, to discuss the advantages and disadvantages
of each, to point out the progress that has been made in such
tests, and especially to recommend a better use of tests for the
future. The discussion is concerned for the most pa.t with
tests of algebraic abilities.

It is only within the last generation that any attempt has
been made to bring about genuine reform in the method of
measuring the effectiveness of instruction in secondary schools.
The main burden of the section , ill be to recommend a new
type of testing program where the emphasis is placed upon a
method of procedure in testing rather than upon any single
test itself,

Prognostic Tests

Testa in mathematics may be classified under two main
heads: namely, prognostic tests and achievement testy.
Prognostic tests are those which are given early in the pupil's
career for the purpose of measuring his innate ability to do
mathematical work. By their use a teacher is enabled to
predict the probable success of a pupil in his later work. For



Improvement of Tests in Mathematics 107

example, Professor lb gers' prognostic* tests were designed to
measure the specitic ability of pupils to succeed in studying
secondary mathematics.

Prognostic tests were developed to meet the need for some
kind of instrument to measure a pupil's. capacity to learn
maralnatics, in order that he might be more intelligently
advised with respect to his subsequent work. Since previous
tests Of this type, except those relating to geometry, dealt only
with the more mechanical phases of the work, mathematicians
objected to them on the ground that there is little in common
between the habits of symbol manipulation, which was
emphasized by nearly all the early tests, and the more funda-
mental processes of reasoning which are characteristic of
higher mathematical study. In general they maintained that
the intensive tests in special fields like arithmetic, algebra, and
geometry failed of their purpose for the reason that these
subjects are rarely applied by themselves. It should be
aserved, however, that everything depends upon what purpose
the maker of a test intends it to serve. If it is not intended
to be prognostic, there may be justification for such a test on
nome other basis:t

No one seems to have claimed that prognostic tests can be,
or should be, the sole basis for prediction. Nevertheless,
they constitute an important step in the direction of trying to
discover those pupils who give the most promise in the field of
mathematics. If such tests Can be of assistance in helping 118
in our problem of discovering individual differences in mathe-
matical ability, they may become useful instruments for
prognosis in our schools. It should be lush. ted, however, that
they must not he made the sole basis for prediction, classifica-
tion, or guidance, because such absolute dependence would
overlook other important factors. Besides, there is no
progilutic test available today whose use will enable Us to
predirs11CCOSS in mathematics any inure than the prophesy

A. L. Itm.t.prs, Tests of 111atlwinittic.:11 Alillity ?Intl T'he'ir PrognuAte
Tacitcr.s. l'o//rge Cfortributions to Rdurfttiwt, No. SO.

tit. it. \Vontl, Mt:asurenwnts In Iliglwr Vorlii Houk Co., 1028.
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of success we can obtain from any good test of abstract
intelligence.

In a recent articlet Professor David Eugene Smith says:
"The prognostic test at its best achieves quickly and with
improved results that which the schools have heretofore
discovered after a loss of valuable time; at its worst it leads
into a determinism that is more dangerous than the extreme
form of Calvinism which left each individual absolutely with-
out hope. On the whole the tests have achieved a great and
well-deserved success, and this success will be much more
apparent when a new generation comes forward to correct the
errors of the present one."

If such tests can be made in such a way that they may
become a reliable help in prognosis, we should all favor their
wider use in selecting those pupils who are most likely to
profit by advanced work in mathematics. In that case we
might and probably should, require mathematics only through
the ninth year of the junior high school, offering the sub-
sequent courses only to those who are capable of a much
higher grade of work than is now possible. Such proguosth
tests would then be the means of doing justice to a larger
number of pupils who are forced to study mathematics against
their will and in many cases without much gain, or at least
they could be used to advantage in determining what kind of
mathematics would be most valuable to a given pupil. If we
had in the tenth-year, eleventh-year, and twelfth-year classes
in mathematics only those pupils who liked the subject and
were able to learn it, the joy that would come to teachers and

v pupils alike would more than offset the loss in numbers that
would result from the adoption of such a program.

Achicvment Tests
Willie prognostic tests arc concerned with ascertaining what

'Bee L. I.. Thorndike and Others, Psyvhology of Algebra. The
Macmillan Company. In2. pp. 21n-21T.

tD. E. snail, "On Improving Algebra Tests." Teachers College lierord,
March 1023, pp. NT-ss.

See also I). E. Smith, The Progress of Algebra, Ginn and Com-pany, 1023. pp. 30-45.
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a pupil is able to learn, it is the function of achievement tests
to determine what he has learned, Such tests are intended to
measure the progress which a pupil or it class is making in a
given topic or course. They also measure indirectly the pupil's
innate ability, since whatever progress be makes is necessarily
dependent upon this ability. Thek tests, however, are so
affected by classroom influences that they cannot be accepted
as reliable instruments for the accurate measurement of
capacity to learn, although in general they correlate rather
highly with intelligence. Both prognostic and achievement
tests may rightly he considered diagnostic in nature, although
we have thus far made little use of diagnosis in the former
type. Furthermore, any achievement test may be made
diagnostic evet though it may not be so intended, and an
achievement test may have diagnostic value and still not be
used for purposes of diagnosis.

Types of Achievement Tests

Two types of achievement tests have had rather wide use
in this country. The first type includes the tests set by the
teacher alone or in cooperation with others who are more or
less responsible for the existing course of study ; the second
includes the "extramural" tests set by examiners who have
little or no direct contact with the classroom. Illustrations of
the latter type are the ordinary College Entrance Board
Examinations, certain well-known state examinations like the
New York State Regents Examinations, and the mo.called
standardized tests or scales.

It is nut the intention to minimize the importance of any
one of the tests mentioned above, especially if it can be made
to serve some useful purpose, but rather to emphasize a wider
use of certain types and a more intelligent use of others.

All of the tests just mentioned except the Mantlardized tests
or scales belong to the class that is ordinarily known as "essay
type- examinations.

Some of the modern writers recognize three types of
achievement tests as follows:
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1. The traditional "essay type" examination.
2. Standardized tests or scales.
3. The "new-type" objective examination.
The subsequent discussion will cover all of these various types.

Tests Set by the Teacher
An entire volume could be written on the subject of tests

set by the teacher,.but space will not permit any more than a
statement of a few of their advantages and disadvantages. It
is well known that many teachers are not qualified to make
the careful analysis of a course in mathematics which is neces-
sary toAetermine the abilities that are fundamental and those
that can or should be measured. As a result certain teachers
include in important tests a meager sampling of the large range
of abilities to be,developed and regard these few questions as
an instrument for measuring the entire field.*

It is not as easy to make a good examination as many
teachers seem to think. It takes a great deal of time, energy,
and thought to construct a suitable test, but there is probably
no part of our work today where more important results would
follow than that of taking greater interest and care in making
satisfactory tests. We have known for a long time that our
exa.ninations have been inadequate, but little has been done
about it.

Because the main purpose of diagnosis is to guide the
teacher in remedial instruction it is purposed later in this
discussion to emphasize the importance of diagnostic tests as
instruments for aiding the teacher in improving instruction.
Without some plan of discovering the particular defects of a
pupil or a class the work of the teacher is likely to be more or
less futile.

If the proper kinds of tests are given, the progress made by
pupils can be measured, and the norms of accomplishment thus
established cut be used by the teacher as a guide in discovering
the educational needs of future classes. In addition to this

*B. 1). W(HHI. NIvastirt.niviit Eduvation. World Book Com-
paLly. 1923. p. 191.
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the pupils liFIShit the teacher greatly by locating not only their
particular difficulties but the causes of these difficulties as well.
The assistance rendered by the pupil's introspection in diag-
nosis should not be overlooked, because a pupil will often find
the cause of a difficulty more quickly than the teacher.

In the second place, with many teachers the marking of test
papers is highly subjective; that is, the mark given depends to
a large extent upon the person who does the marking.
Furthermore, the measures obtained by the teacher from many
of the ordinary "essay type" examinations are not truly
diagaostic; that is, they do not point out the particular details
upon which pupil is either weak or strong. It is thus
clear that i ile measures for diagnosis are desired, the
ordinary exaL,.,iation will not prove entirely satisfactory.
Instead of continuing the practice of doing injustice to
thousands of pupils every year because our tests are misused,
we must in some way or other develop a new marking system
which will enable us to rate their achievement in relation to
their ability.

In spite of the frequent inadequacy and inaccuracy of
teachers' judgments, both in setting good examinations and in
marking them fairly, it should be more generally. realized that
tht.se same teachers are in the long run the ones best qualified
to do the task. They learn not only how to make objective
tests that will have both measuring and diagnostic value,
but they can also learn to use them intelligently. This ability
to use the test will increase in proportion to the progress they
make iii understanding scientific methods of measurement.
Instead of constantly reminding them of their failures, without
making suggestions fur improvement, attention should be
directed to the traditional method of marking rather than to
the teacher who, because of the lack of a better method, is
fore( d to use one that is neither exact nor reliable. School
marks have long been used to measure a multitude of things
which have not and cannot be measured with any degree of

*D. '.-t:11.(.11 (Intl E. r. Elliott. "The Reliability of fin-Willa Work in
Mathmatics,- school Review, April. 1913, Vol. XVII, p. 234.
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precision.* By a proper development and use of obj.'etive
tests we may be able to work out a better marking system for
the future.

Tests Set by Persons Other than the Teacher
During the past generation there have been many discussions

regarding the examinations set by state and college .authorities.
Sonic progress has been made in the content of these examin-
ations and in the method of conducting them, but much remains
to he done before they can be said to have reached their
highest development even for the purpose for which they are
designed. Speaking of such tests, Professor David Eugene
Smillif says : "New York State has dictated by regents examin-
ations, generally good for a poor teacher and generally bad
for a good one. The College Entrance Examination Board has
also, and naturally, dictated what should be taught in algebra,
and has recently made a long step in advance by a series of
improvements. 'Each of these cases of dictation has contrib
uted powerfully to making algebra stagnant, and each has been
potent in keeping it on a dead level of traditional mechanism."

ofessor Smith has implied in the preceding statement that
the people who formulate the tests referred to above are often
better able to judge what is fundamental in a course than are
some classroom teachers of mathematics, In fact, the recent
College Entrance Examination Board syllabi reflect more
modern types of mathematics courses than those which a great
ninny teachers are now using.* The trouble is not so much
with the original purpose of, such examinations as with their
imperfect use and interpretation. In many cases these
examinations measure abilities which have not been considered
in the previous instruction of many of the teachers whose
pupils have to take the examinations, and consequently the

W. A. 'McCall How to Measure in Education. The Macmillan Corn
puny. 1922. p. 59.

thavid Eugene Smith, "On Improving Algebra Tests," Teachers College
lerrord, March, 1923, Vol. XXIV, p. 87.

*See the Report of the Sw.retary of the College Entrance Examination
Board for 1921, pp. 1-1, also for 1922, pp. 18-19, and for 1923, pp.
1.3 and 7-9.
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results secured cannot he called fair measures of the teachers'
effectiveness. 'Nevertheless ft is true that the efticien.'y of
teachers and :he efficiency. of classes have been 'compared on the
basis of the scores made on such examinations. As a result all
sorts of methods are resorted to by certain teachers whose sole
aim is to get their pupils through these examinations with a
passing grade. Such practices, it need hardly be said, do not
represent a desirable type of modern education. Since these
examinations, as now regulated and administered, have not
given satisfactory results,' the question arises as to whether or
not it would be a wise plan to. replace them with intelligence
tests or prognostic tests of some kind that can be used as a
basis for determining what pupils are. able to carry on higher
mathematical work.

The mere fact tne.t so much discussiont has gone on recently .

with reference to the value of "extramural" examinations$
indica'es that many thoughtful people are not yet satisfied
with the present status. of such tests.

Standardized Tests
The so-called standardized tests have recently come into

rather wide use in this country, but their introduction has been
accompanied, in a great many places, by grave misuses. Some-
times those in charge of the testing program are so unwise as
to judge the success or failure of a teacher solely by the out-
come of certain tests. In some cases invidious comparisons
made on the basis of test results have not been checked by
careful study of the methods of teaching employed. In still
other cases certain standardized algebra tests have been
regarded as entirely reliable, and it has teen assumed that they
could be used to measure every feature of the teaching of that
particular subject.

B. D. Wood. Measurement in higher Education, Chapter VI. World
Book Company, 1923.

tM. Barnes, "Procrustes Redirirus," Atlantic Honthly, July, 1925, p. 83.
tW. M. Proctor, "The nigh School's Interest in Methods of Selecting

Students for College Admission," School and Society, October 10.
1923, Vol. XXII, pp. 441-448.
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Professor Thorndike says* 'the .testing movement is em-
barrassed by its success." ITe says further that "improvement
in the instilment.; of measurement, both of intellect and of
school achievement, is more desirable than multiplication of
their number." It is proper to add that in a transition period
of curriculum construction,' like the one in which we find our-
selves, we should be particularly careful to seek only an
intelligent use of all tests.

A great deal of the traditional algebra which has been
questioned by many teachers and textbook writers as contrary
to modern objectives has been replaced by more valuable
material. It is an interesting fact, however, that standardized
tests hav'e failed to include such material and thus have, made

mdifficult the general acceptance of some of the more modern
algebra courses. The values claimed for standardized tests
because of their carefully selected content have not always been
legitimate. To quote Professor David_ Eugene Smitht again :
"The complaint is not so much that the tests are solely mechan-
ical, involving only a minimum of intellectual processes,--"--a
fault that is probably inevitable in the present stage of develop-
ment, but which is being suceessfully removed in some of the
arithmetic tests; it is also that the material required for testing
the mechanical processes is often such as should play only a
minor role, if any, in the education of the average citizen. The
tests represent generally a dead level of dull grind, offering to .
the teacher only this ideal of an algebra course. He may
escape from the curriculum, making his own course; he may
and should select from the textbook that which he needs for
carrying out his plan ; but he cannot escape from teaching
those things that are required by outside examinations
whether they be set by boards of regents, by colleges, or by
educational testers." Professor Smith goes on to point out a

1- Thormlike, "Standard Tests and their Use ---A Symposium,"
reachrrt Co//cyc nrcord , October, 1921. p. 93.

fl). E. Smith. -On Improving' Algebra Tests," Tcurherit College Record,
March. 1923. Vol. XXIV, p. ss.

Sec ab.o D. E. Smith, Progress In Algebra, Ginn and Company.
1925, pp. 311-15.
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1-rge number of examples taken from recent standardized tests
in algebra, some of which he corimends, but ninny of which he
condemns, and rightly so. For example, he quotes the follow-
ing exercise from one test :.

r-2
Divide by

13
N: 2

He then adds: "My should anyone ever wish to perform this
division? It is not algebraic, anti it has no particular signif-
icance either in algc bra or in connection with formulas that
are likely to arise. It is possible to test our schools on some-
thing that we have some other season to perpetuate than the
mere reason for meeting this kind of a test."

Wrong Use of tandardized Tests
Then, as another puts it, "Too often tests are given, the data

4 are tabulated, conclusions drawn therefrom are utilized by
supervisors, and methods are revised by teachers because of
them; but the pupils who wrote the tests are not informed of
any of the results except in those rooms where unsatisfactory
conditions have brought about attempts to shift the blame to
these pupils." Here lies the trouble in many ff the standard-
ized tests. Teachers and pipits alike are often given little
consideration in their administration, and the result is that
great loss ensues in the improvement of instruction.

Professor Woody* has pointed out that "from one point of
view standardized measurement represents the refinement ob.
tained through the crossing of current practice and scientific
method." No doubt many of our test makers have appreciated
this point of view, but we might have made better use of some
of their work if it had been more generally understood earlier.

. Teachers always have measured and always will measure
their pupils in some way or other, but the science of measure-
ment will not reach its maximum of importance until the
teachers and the makers of tests establish a partnership. Each
may then hope to develop scientific methods of approach, and

wt,tt.ty. "Stowloril Tests owl tlir I i' - -A Symposium," Teaches
uollrgc vont, Outillivr, 1921, Vol. N. XVI, p.
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only then will the teachers themselves have an abiding interest
in the outcome of their work. It is not essential that teachers
should construct tests themselves, although Many will soon
learn the technique of the process, but they should at least be
consulted in Order to assure a result that shall be generally
useful to all concerned. It may be, as Professor bTrabue has
stated,* "that college professors and graduate students of
education may continue to build and improve the measuring
instruments used in testing school pupils, but the diagnosis of
specific educational disease and the long experimentation
necessary to discorgr whether for a certain type of pupil more
drill on forms will be helpful or fatal,the 'case work' which
constitutes the next step in the use of educational measure-
ments,must be done in tke classroom by the regular teachers."

A careful study of many of the standardized tests shows
that they have been prepared by pennle who select material
with little regard to the proper objec.::s to be obtained and
who seem to be ignorant of the plans for the reorganization of
mathematics. Moreover, there exist many desirable objectives
which were overlooked when these tests were made. Statistical-
ly the tests themselves may be perfect; but when a task is intro-
duced into a test merely because it represents a certain degree
of difficulty, it simply tends to prejudice all persons of common
sense against the whole movement. It Is such unfortunate
errors as these that retard progress.

The greatest use of standardized tests has been made in
arithmetic. This has been due to the fact that the material is
such as to be easily adapted for standardization. Even in
this field the tendency today is away from general national
standardization to practice exercises and diagnosis of indi-
vidual cases. This has been due to a realization of the
importance of giving the pupils their standing on sonic
definite scale of performance related to their own class rather
than to try to place them with reference to a "norm" based
on the performance of some outside groupa practice due
M. It. Trabue. "Standard Tests and their UseA Symposium,"

Teacher., College Record, October, 192. Vol. XXVI, p. 05.
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entirely to the influence of the recent testing mvement.

Chief Values Obtained from StandaMized Tests
The chief values obtained from the use of standardized tests

in mathematics may be summarized as follows:
1. They have brought out more clearly the problem arising
from individual differences in ability among pupils.
2. They have shown us that a great deal of the traditional
material is too difficult for most pupil& and therefore should
not be taught.
3. In some cases they have also shown that certain, material
was easier than had been expected and that it can be learned
by a majority of pupils.
4. They have made it possible for the teacher to stop drilling
certain pupils beyond the stage of diminishing returns.
5. They have made it possible for us to develop certain stan-
dards of achievement which are clearly defined and which can
be assigned to varying levels of intelligence. As we shall see,
however, this value has occasionally been misunderstood.
6. They have contributed to the development of more objective
methods of testing.
7. They have, when they have been intelligently used, Wm-
ulated pupils to renewed effort in trying to reach certain
standards of perfection.

All of the above outcomes have been worth while, but it is
equally true that standardized tests, as I have previously
pointed out, do not lend themselves readily to sonic of the
more important needs which an ideal testing program presents.
Professor Upton* has given a thorough discussion of the
influence of standardized tests on the curriculum in arithmetic.
Professor Smitht leas made certain criticisms of algebra tests
an has offered suggestions for improvement. A great deal

'C. a Upton, "The Intlitence of Stundradized Tests on the Curriculum
in Arithmetic," Teachers College Vccord, April, 1925, Vol, XXVI,
p. 027.

ta E. Smith, "On Improving Algebra Tests," Teachers i.'t,.//cgc Record,
March, 1923, Vol. XXIV, pp. 87-88,
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of my own time in the past nine years has been devoted to a
study of diagnostic tests, and the resultst are a part of the
basis for the recommendations made in this chapter..

7'ho utu of StUndardiV'd Te8hi
It is not difticult to formulate satisfactory standardized

tests that are more objective than the older types, that are
more uniform with respect to administration and the scoring
of results, that furnish desirable norms of achievement for
guidance in future instruction, and that are much more reli-
able as measuring instruments. It is not certain, however,
that we should attempt to emphasize the standardization of
tests as measuring devices before we know what abilities we
wish to measure. It would seem that at the present time we
should be more interested in determining clearly the purposes
in view in the teaching of mathematics, the content best fitted
to help us realize these purposes, and the kind of tests that
will afford a check upon our results. This does not mean that
no measuring; should be done in the meantime, but rather that
our methods of measuring should be. improved before we seek
to increase the use of standardized tiq4ts.*

In all fairness to standardized tests, however, it should be
said that they have gone beyond what Professoi Woody calls
the "curiosity" stage and "the stage in which the predominant
Weft was the use of the tests for determining existing levels
of achievement," and, in some respects at least, have approach-
ed the third stage, "in which the predominant idea is the
utilization of tests as a means for the improvement of
instruction." They have been helpful in this third stage,
however, only as they furnish facts concernhig-cartain "levels
of efficiency" reached by pupils, and thus "contribute to the
evaluation and difig,nosis of the efficiency of instruction."

Where standardized tests are valid and reliable instruments,
they may be profitably used for purposes of "general-survey

tw I1. ititv. A 1)i:1;41w:411v -S; day of the teaching Problems in High
scloq matiaamti..z. Wm' null Company, 1020.

ft, W. ,Nboiroo. Thew v of Efluationul Measurements, IIougbton
Mifflin Company, 1b23, pp. 2 and 49.
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diagnosis," and even in some cases for class and individual
diagnosis; but this work must be based more and more on the
cooperation of all concerned, from the superintendent down to
the pupils themselves.

It seems reasonable to expect that we shall in due time have
more tests that are prepared by scholars, those who know not
only the underlying prim:ipies of these devices but also the true
objectives in teaching mathematics. These tests can be made
in such forms that they may be used not only for both general
and particular diagnosis but also as aids in improving in.
struction. When this is done, the establishment of norms of
attainment which can be generally used will 'follow. We
should realize, hoivever, that a teacher is not always justified
in feeling satisfied with the results when pupils reach a certain
norm of achievement. To do this is to overlook the fact that
the standard norms may be raised by lifting the general level
of achievement through better methods of teaching. On the
other hand, "they need to see that the law of diminishing
returns applies to educational products as well as to economic
products, and that continually trying to raise the level of
achievement may result in educational bankruptcy."

It is reasonable to expect that we might reach our education.
Al objectives without the type of test mentioned above; but
it is hardly conceivable that we shall be able to succeed as we
wish unless we develop, for general mass instruction, a type
of teaching that is based upon the specific needs of ,individual
classes and pupils. This sort of instruction should be remedial
and must be based upon specific diagnostic measures of pupils'
achievements.

It is well known that there are differences of opinion with
respect to what is important to teach in mathematics in a
given course.f Until we have a more carefully considered eol
lection of tests, it is futile to expect them to serve any very use-

*C. Woody, "Standard Tests and their *Uses A Symposium."
7'caciicr.v College Record. October. 1924. Vol. XXVI. p. 101.
(*. Daber. 'reaching. Junior Iligh School 'Mathematics. Houghton
Mifflin Company, 1924, p. 134.
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ful purpose. When that time comes, many teachers will consider
them no.less important than their textbooks. They will then
use tests both as teaching devices and as measuring instrn-
ments in all their work, This will he a great improvement over
some of our present practices where teachers who feel the
pressure of tests set from without fall into the habit of miking
such tests their textboks.

In chapter 13 of the report of the National Committee on
Mathematical Requirements Professor Upton gave a very care-
ful and complete discussion of standardized tests in
mathematics for secondary schools. his report included not
only a description and discussion of the standardized tests
in use since 1914, but also gave illustrations of specific tests
in arithmetic, algebra, geometry and also those concerned with
the measuring of general mathematical ability. Teachers who
are interested in knowing more about the nature and content
of such tests will find this chapter of the National Committee
Report a very valuable source of in:lrmation and help.

While standardized tests have been of real service in the
ways that have been pointed,,out and, therefore cannot be
condemned if they serve the ptiVose for which they were
intended, nevertheless there are reasons at present for giving
them less prominence in educational discussions and for
turning our attention to a te-king'program that seems to offer
us an opportunity to obtain more important results. Nothing
that has been found out by means of standardiOd tests is too
difficult for us to discover with the kind of testing program
which it is the purpose of this section to emphasize.

The Place of Tests in Curt'iculum Construction
Obviously, the most important, at least the most discussed,

problem before us today is the matter of curriculum con-
struction. The task of reorganizing mathematics so as to
provide a desirable body of material for the junior and senior
high school involves at least four main steps.

The first step is to set up a list of desirable objectives to
be attained in the teaching of mathematic:s. The second step
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is to determine the nature and the extent of the subject matter
which will best enable teachers to realize the ehosen objectives.
The third step is to 'develop the best methods of teaching the
selected subject matter. This cannot he done without some
kind of testing program whereby the teacher is able to discover
to what extent his methods are paying dividends. No matter
how desirable the content may seem to be and how well his
methods are perfected, it may be that the material is too
difficult for the pupils in a given year. Moreover, it may be
also true that even though it is possible for children to learn
certain things in mathematics at a given age, the time for
learning it is too. great to justify its inclusion in the course. of
study for that year. We must, therefore,'have a fourth step
which is a testing program that will enable us to see how well
the pupils are learning the things we have been trying to
teach. This last step necessarily involves a more careful
analysis than heretofore of how pupils learn most efficiet.tly
and easily.

Guiding Principles Underlying Good Tests
The following guiding principles underlie the construction

of a good test in mathematics:
1. Every test should attempt to increase the pupil's ability

to master only the subject matter that has been presented to
bim. This means. that the teacher must discern clearly the
objectives* in the topic or course must build his examina-
tion so as to measure the extent to which these objectives have
been realized. Such a procedure measures the progreFs made
by a pupil or a class. This is set down by sonic as the first
aim of an examination.t A test which has no reference to
what has already been taught cannot meet this requirement.
If pupils, who have the native capacity to leafn a certain thing,
fail to do so, there is a chance fur remedial work fo bear fruit.
On the other hand, there is little to he expected or gained by

1V. I). "til.4.rtiviN in thp Tt.nt Hinz of 11nthernath.g." 7'he
not ti. Y Trachi.r, VI.I. XVII I. pp. :;,'.1 -P )5.

tA. I.. Lmvi.11. Alt I.; xa Inin:It ion." 'flit; Atlantic Monthly,
January, 1926. p.
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remedial work in the ease of pupils who have learned as well
as Ca 11 he expected considering their innate capacity. If both
the diagnosis and the subsequent remedial work suggested by
the tests are to he of value, the teacher must have at hand
specific mcasuremnets of the pupil's achievement. Such
measurements can he fairly made only in a field in which the
pupil has been working.

Moreover, in improving instruction, tests that contain
material that has not been taught previously cannot have
much diagnostic Nahal. In such a case it is impossible to tell
whether poor results mean that the content of the course was
too difficult or that the teaching was not well done.

2. Every test should emphasize those parts of the subject
matter which are fundamental and to which the pupils have
directed the most attention. Nothing should receive attention
that is not worth perpetuating in the course. This means that
every test should contain a thorough sampling of the funda-
mental ideas of a topic or a course for the complete mastery of
which the pupil is held responsible. In other words the test
must be comprehensive. This has never been true of the
traditional "essay type" examination.

If the two preceding principles are adopted, the test will
be ranked as valid or as having "validity"the property of a
test which is supposed to represent the degree to which a
test measures what it is intended to measure.

3. The scoring of every test should be made as objective as
possible so that different teachers may obtain exactly the same
results. This means that the personal factor must be largely
removed from the scoring of a test, and that teachers in making
up tests should be more careful about the mechanics of them.
If this principle is kept in mind, not only will the response of
the pupils be niore uniform. but the marking practices of those
who score the papers will he less variable This is "done by
making the number of items in the test as large as possible
and making each of these items have a definite response to
which all persons scoring the test papers will readily agree.
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The failure to do this is the glaring error of many "essay
type" examinations.

4, Every test should be relia;)1e. Reliability is that
property of a.test which measures the degree to which a test
"measures what it really does measure.'' For, a test may
measure what it is intended to measure, but it may measure it
very unreliably. The determination of the reliability of a
test is, however, a mere technical matter and need not be
further discussed here. It is discussed fully in some of the
newer books on examinations.*

5. Every test should be so constructed that it is almost
self-administering and so that it can be easily given and scored
by any intelligent person who may or may not have had much
mathematical training. In the past this has not often been
done. Teachers more generally need to transfer the enormous
amount of time traditionally given to test papers to the matter
of preparing them in accordance with the principles here out-
lined. The motto should be "Hard to make but easy to give
and score."

6. Fir-ally, every test should make it possible to set some
sort of standard of achievement for a pupil within his own
group or against his own record. Of course standards are
set from without the group but they should not be considered
more important.

;uch a procedure as that recommended above will enable
us to measure adequately the pnpil's knowledge of the subject
matter studied by the majority of the clasS, to assist the
teacher in selecting only important topics, to stimulate the
pupil tc greater effort, and to aid hint in self:instruction.

It should be clearly understood that the method of devising
anti using tests in mathematics is independent of the type of
subject matter taught in the course. The emphasis, how, T,
is placed upon the importance of testing what has been taught
regardless of the nature of the subject matter.

G. M. !wn. Improvotnent of Writt,n Examination. :Anat. Faros.
- wan Alet1 Company, 1914.
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It is clear that the old type examinations have not been based
on a careful consideration of the above principles.

Practice Vesta
In any testing program the teacher should introduce prac-

tice tests both as diagnostic instruments and as teaching
devices. In fact such tests are so important that they lfie
coming to be an integral part of the newer text books. .4.ney
serve a purpose in testing specific objectives which have to be
covered in a very short period of timea function unknown
to most standardized tests. Whether such tests should be
timed is a matter for the teacher to determine. Certainly no
Undue emphasis should be placed upon the matter of speed at
the expense of accuracy, A business man need not be partic-
ularly rapid in his computations, but there must be no
question as to his accuracy. An example of such a test is
shown on pages 125 and 126.

It is clear that at best much time has been lost in trying to
combine mass instruction and individual instruction in some
economical fashion. One thing we seem to have learned,
namely, that of the two, individual instruction should receive
the greater emphasis. Professor Kilpatrick says that "a child
learns the responses which he makes." The truth of this
statement makes the use of practice tests imperative. It is
here that the value of practice tests appears in enabling
the teacher to discover quickly the pupils who are in need of
help, and to keep from wearying the brilliant pupils with work
that they do not need. Furthermore, they help the pupil to
measure his own progress in any given topic, and to,be more
intelligent in calling upon the teacher for assistance when Lis
pro;zress is not satisfactory. There is little danger that such
tests will be overdone if they are also used for diagnostic
purposes.

For the pupils who need to have certain skills developed
further practii.e tests are invaluable. For those who do not
need it they enable the teacher to excuse such pupils from
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further practice befOre they are disgusted with the subject*
Over learning is better than underlearning, but why should drill
upon authing be continued beyond the stage of diminishing'
returns? If only we can be a little more scientific in our teach-
ing, we shall save hours of time which can be devoted to
additional topics in mathematics. This will be of great
interest and value to many pupils whaat present are compelled
to drill for days upon material which they know perfectly well
and which as a result becomes an intolerable bore. This is
particularly true of gifted pupils who, in many respects, as
already stated are often the most retarded pupils in the entire
school system.

TIMED PRACTICE TEST
Time, .5 min.

Write the answer to each problem, but do not solve any
equation:

1. What is the cost of 8 oranges at c cents each?
2. A man had m dollars and lost n dollars. how many

dollars had he left?
3. If a boy is n years old, how old will he be x years from

now?
4. Three times a certain number decreased by 4 is 20. Find

the number,
5. Find the number of feet of wire needed to inclose a lot I

feet long and iv feet wide.
6. If 4 is subtracted from three times a certain number and

8 is added to twice the number, the results are equal. Find the
number.

7.

8.

Find two consecutive numbers whose sum is 47.
Find two C0,1SN'UtiVe Odd I1111111Wrg who 511111 is 76.

0. One man has throe times as much money as another man.
If they both together have $:i400, lad much money has each?

M, c;t11, How to rtfunsure in Education. The Macmillan Company,
11122. p. 1 ls.
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10. A rectangular garden plot is S ft. longer than it is wide.
Its perimeter is :132 ft. What are the dimensions?_

11. The 511111 of three numbers is 392. The second is Ihe
.the first and the third is eight times the first. Find the

numbers.
12. A rope 90 ft, long is cut into two parts so that the longer

part is three times as long as the shorter part. Find the length
of each part.

13. Eight times a number decreased by one fourth of itself
is 124. Find the number.

The median number of rights on this test is 9.
To determine the median number of "rights" (exercises

correctly solved) i4 any class, find the score (the number of
rights) which has as many above as below it. It is not expect-
ed that many, if any, pupils in an ordinary class will complete
all the exercises correctly in the time allotted for any test.

The method of determining the time on such tests is to
stop the work as soon as two or three of the pupils have
finished. In this way the test gives a measure of each pupil in
a class. A stop watch should be used, so that the results
obtained will not vary greatly from class to class. The
attempt was made in this test to get the time factor as nearly
correct as possible, but it is probable that this will have to be
further adjusted if the test is given to a larger number of pupils
than the three hundred that were available in this experiment.

The pupils were not asked to solve the equations in any of
the "XerCiSeR above because this test was thought of as a
measuring device rather than a teaching device. In the latter
case the pupils would have been asked to solve NMI egnatiWI.

At frequent intervals it will in' necessary to en list rUCt
torn posite tests which contain certain representative exercises
from the practice tests that have preceded. These tests like
practice exercises are also coming to be an integral part of
modern textbooks and the more scientifically and carefully
such tests are worked. out in textbooks the better the results
should be. The method of procedure in making such tests can
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best be understood by taking some definite objectives upon
which it will be assumed we are agreed and building up the
practice tests and composite tests which seem to be necessary to
ascertain to what extent our aims are being realized.

The Testing of Specific Objectives
Let us assume fo. the sake of illustration that we have

decided upon the following specific objectives* in teaching the
formula:

1. To develop certain rules of mathematics and to translate
them into formulas.

This means that pupils should understand the meaning of
the formula as a shorthand rule of mathematics. This rule
should grow out of their experience if possible. At any rate
they should be told what the formula means as far as possible.
Here is where algebra begins.

2. To translate certain formulas into rules of mathematics.
This means that pupils must know how to use a formula

when the need arises. That is, in getting certain required
results they must be taught how to decide which is the proper
formula to use.

3. To evaluate certain formulas; that is, to find the values
of certain letters when the values of the others are known.

These formulas should be of a difficulty no greater than that
found in the operations which the pupils have been taught or
which they may be expected to understand.

4. To derive one formula from another.
This means that the pupil must be able to solve a formula

for one letter in terms of the other letters in that formula.
This involves the ability to solve equations by means of which
the "subject of the formula" is changed.

5. To represent by a graph certain formulas of a type no
more difficult than F = 9 C + 32.

This involves the ability to make a table of values of a
formula.

W. I). Reeve. "ntijiwtivps in the 'rpm. hint: of Mathematics," The .11(ithc-_,/ sitatirs Teacher, November, 1025, Vol. XVIII, pp. 6-7.
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6. To understand the idea of the dependence of one quantity
upon another.

This involves the ability to appreciate the idea of otte vari
able as a function of.another.

The type of equations involved are as follows:
(1). 2w-6. (a).
(3). 7)+5=8. (4). n-4-7.
The solution of such equations implies a knowledge of how

to use the four fundamental operations.
We may then consider that the results of the tests on pages

134 and 136 inclusive will tell us whether we are realizing these
objectives. It is assumed of course that some teaching has
taken place and that practice tests like those discussed have
been given.

Experimental Work With Tests
In order to illustrate further how tests should. be used to

check up on the more minute details of our teaching I will
give the results of a recent experiment of my own in teaching
an eighth grade class in the junior high school how to subtract
one directed number from another. I chose subtraction be-
cause it is probably the most difficult of the four fundamental
operations. Since in most courses pupils are asked to subtract
horizontally as well as vertically I made up two tests and gave
them two days after the teaching of subtraction was begun.
The best pupils finished the vertical subtraction test in 21/2
minutes and the horizontal subtraction test in 5 minutes. If
this is characteristic of what would happen generally it is
clear that vertical subtraction is far more economical and
might well be the way to teach subtraction if it were not fur
the fact that in collecting terms in an equation it is necessary
to deal with the terms horizontally.

In each test the first thirty-three examples represent the
different types of difficulty and the rest of the test was adijed
merely to keep the brighter pupils busy till the slower ones had
finished the first thirty-three. It is interesting to note that
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after two days teaching several pupils were able to obtain
10W; mast(9.3. on each test. These tests are on pages 1:121:13.

The next question was to ascertain whether after teaching
the subtraction of one directed umber from another I might
expect the pupils to subtract one algebraic monomial from
another without teaching the specific operation. In order
to find out the answer to this question I arranged two tests
which involved new difficulties not included in the two preced-
ing tests where no letters were involved. Instead of having
the adding and subtracting of directed numbers purely, I

introduced monomials of a simpler type. Some pupils,
however, were- able to get all of the exercises correct without
any additional teaching but this was not true of all by any
means. The results, however, indicate that for some pupils
we can rely on transfer to take care of the situation. In other
cases it is clear that if we want transfer to occur, we must
set out to obtain it.

What I have done for algebraic subtraction I have proceeded
to do in developing other skills and abilities, namely, to
analyze each' topic so that I have in each test all the possi-
bilities for error which the pupil may make, to try these out
on the pupils to see which ones have complete mastery and
which ones need further drill or remedial instruction. For a
more detailed discussion of some more of the interesting
findings of such work the reader is referred to my fuller
discussion of the teaching problems in high-school mathe
/nudes.*

We need next to devise some kind of machinery for releasing
the fly ;.e brilliant or successful pupils from further 'drill on a
topic, at least temporarily, when they have complete mastery,
and for bringing the slower or duller pupils up to a reasonable
standard ormastery before they are permitted to proceed.

Such a procedure as I have outlined above will bring out
two very importact points. They are not new, and I merely
give them here for emphasis. First ,t will be discovered that

*W. I. Iieve. .4 D:figno:ftif study of thr Trashing ProblryLe in High
Maihvinalif-4, Ginn and Company, 1921i.
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many things which the teacher has considered 'easy are really
difficult for all pupils: and second, that sonic things which the
teacher thinks difficult prove to be relatively easy for all
pupils. This shows the enormous advantage of diagnostic
practice tests which have in them every possible chance for
error which a child may make in a given topic. It is only in
this way that difficulties in learning can be discovered and over-
come so that progress can be made. Naturally enough such
tests as those I have just described must be repeated from time
to time if the pupil is to lie expected to do them successfully.
The teacher often is not justified in saying that a pupil has not
been taught a thing merely because he does not show a knowl-
edge of ft on a certain test. This is one of the major faults
of "extramural' examinations. They often seem to test what
the pupil has learned when in reality they do not. The pupil
may 'really have learned algebraic subtraction well enough for
a time, but in the mean time he may have forgotten certain
details through lack of practice. It is time for teachers in one
part of the educational system to stop condemning those in
another part because their pupils do not know what is expected
of them. Such teachers first need to make sure what the
possible difficulties are in a certain topic. Second, they need
to test new pupils who come to them and if these pupils do not
know all the necessary things they should give them the chance
to relearn or, if necessary, to learn for the first time the funda-
mental things necessary in making the proper advance.

Our present method is often to set a test which overlooks
most of the items mentioned above and then condemn the
pupils and all their previous teachers for all the errors that
appear on such a test.

"New.Typc" Objective Tests and Their Significance
Since everyone no doubt will agree the the traditional

"essay type" of written examination is not adequate to meet
our modern standards and since the standardized tests or
scales of recent years have proved unsatisfactory in many
ways, let US turn our attention briefly to sonic of the "new-
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type examinations" which are coming into favor and into
wider use and then see to what extent they can be utilized
both as diagnostic instruments and as measures of achieve-
ment. Although in their use we, miry. sacrifice an important
function of the traditional examination, they serve other in
terests which are important and which in the long run are
not served by the ordinary examination or the standardized.
test. This does not mean that the "new-type examination"
should replace the ordinary written examination altogether
any more than the standardized test should replace any such
examination, but it does mean that the "new-type examina-
tion" will reinforce and supplement the older type of examine,-
tion and give us results which we would not be able to get
without its use.

Certainly the "new-type examination" will peove superior
to standardized tests in two respects. It will enable us to
cover a greater range of skills and abilities in the same length
of time and it will also be more easily made into a teaching
device which can be used for both instructional and drill
purposes.

It has been charged that if the "new-type examinations"
are used they will degenerate into tests of pure memory work,
but this is not true. It will be .true only when the one who
makes the test is careless and such carelessness is common
to the traditional type of test. Some of the new type tests
lend themselves admirably to thought provoking questions
and the more care that is exerted in making them, the better
they can be made.

Space will not permit me to go into a long discussion of
the pros and cons of "new-type" objective tests. Doubtless
there are some rough spots to be smoothed down before we can
say that the newer types of tests are what they should be.
The "true-false" test is at present source of much dis-
cussion. No attempt has here been made to justify any of
these newer tests. The reader is en«mraged to experiment
with them in a serious manner to see if our combined efforts
cannot bring about a set of tests which simil be valuable.
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The following tests are illustrations of the type of tests the
present writer has discussed,

VERTICAL SUBTRACTION OF DIRECTED NUMBERS
Perform each of the following subtractions, writing the

result below the line:

+8 +3
+6 7
+86 +8

--s a
+5 8

9 3
7 6
8 46 +7

5
7 8

8 +5-5 8
\

1

9 4
+7 +6

+8 0
6 5

+5 4
+8 0

0 +2 5 3
+7 2 +3 +5

+6 0 +4 +3
0 4 2 +3.

+4 6 +2. +4
+4 0 +5

+5 +7 +3 -55 +4 +5

6 +6 2 6
+6 +4 64

3 3 3 4
3 +2 4
4 4 3 7-4 0 5 7

5 6 -2 8
51111 4 7 8

7 7 +3
" 4 --5 3

8 6 +2 2
+8 --4 5 -1-2
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HORIZONTAL SUBTRACTION OF
DIRP2TED NUMBERS

Perform each of the following subtractions, writing the re-
sult after the sign of equality:

1. +9+ (+ 7)=
2.+ 9 + (-7).
3. 9 + (+ 7)
4. 9 + 7

5.9 + (-7).
6.-9 + 7=
7. -9+ (- 7)=
8.9+ (+ 7) =
9.+ 9 + 7=

=.2

21. 0 + (+ 9) 7

22. + 9 + =
23. + 6 + (+ 6)

24. + 6 + (- 6)

25.- 6 + (+ 6)
26. 6 + .
27.6 + (- 6) =
28.-6 + 6 =
29.- 6 + (-6)

10. + 5 + (+ 8) 30. 6 + (+ 6) =

11. + 5 + (- 8) = 31. + + 6
12. - 5 + (+ 8 ) = 32. 0 + 6 =

13. 5 + 8 = 33. 6 + =
14. 5 + (- 8) = 34. + 6 + (+ 4)

15. - 5 + 8 = 35. + 6 + (- 4)

16. 5 + (- 8) = 36. 6 + (+ 4)

17. +5 +8 =

18.5+ (+ 8) .
19.0 +9=
20. 9 + =

37. 6 + 4 .

38. 6 + (- 4)

39. - + 4 ..
40.- 6 + (-4) =

41.0 + 4=

42.4+ 0 =.
= 43. +2+ (+ 5)=
= 44. + 2 + (- 5) =
= 45. - 2 + (+ 5) =

46. 2 + 5 =

47.2 + (- 5) ..
48.- 2 + 5 =

= 49. - 2 + (-- 5)
50. 0 + (+ 5) =
51. +5 +0=
52.+ 3 + (+ 3).
53. + 3 + (- 3) =

= 54. 3 + (+ 3) =
= 55.3+3==
. 56.3 + (- 3)

57. 3 + 3 7

58. 3 + (-
59.0 +3=

=

3) =

60. -3 + 0 =



134 The First Yearbook

EVALUATING FORMULAS

Given the formula Alw, which means that the area of a
rectangle is the product of the length and width, complete
each of the following:

1. If 1.4 and w-3, I find. the product of 4 and and
thus know that A.

2. If 1.3 and w.4, I 3 by 4 and find that A-

3. If 1.6 and w.3, I find by multiplication that A.

4. If 1=3 1/2 and w.6, I multiply by . and find
that A-

5. If both 1 and to have the value 9, then A.

6. If 1.8 and to-4 1/4, I multiply mentally and find that
A.

7. If 1.4 1/2 and to.3 1/2, I multiply as shown below
and find that A-

8. If 1-5 1/4 and w=3 1/2, I multiply as shown below
and find that A.

9. If 1-6 3/4 and w =2 7/8, I multiply am shown below
and find that A.

10. Jf 1-3 6 and tc.4.7, I multiply as shown be' )w and
find that A.
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INFERENCES a'S PERPENDICULAR LINES

If a statement in the following list is true, underline the
word "true," if it is false or partially so, underline the word
"false."

1. Perpendicular lines will never meet no truefalse
matter how far they are produced.

2. Perpendicular lines make an angle of 0 truefalse
degrees with each other.

3. Perpendicular lines are always the same truefalse
distance apart.

4. A line parallel to one of two perpendicu- truefaise
lar lines is parallel to the other also.

5. A line perpendicular to one of two per- truefalse
pendicular lines is perpendicular to the
other also.

6. Two perpendicular lines make an angle
of 90 degrees with each other.

7. If a line is parallel to one of two per-
pendicular lines, it is perpendicular to
the other.

8. If a line is perpendicular to one of two
perpendicular lines, it is parallel to the
other.

9. If two perpendicular lines meet, the four
angles they form will be right angles.

10. The line which measures the shortest
distance from one of two perpendicular
lines to the other is parallel to both.

truefalse

truefalse

truefalse

true- -false

truefalse
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DEPENDENCE OF QUANTITIES

In each. of the blanks in the following statements insert the
word which makes the best sense:

1. The cost of a sirloin steak depends upon the . .

per pound.

2. The value of the algebraic expression 5,e-3 depends upon
the value of

3. The circumference of a depends upon the
length of the diameter.

4. The cost of sending a package by parcel post to the third
zone depends upon the of the package.

3. Doubling the length of the radius.of a circle
the circumference.

6. The number of yards of wallpaper border needed to go
around a rectangular room depends upon the ...
and of the room.

7. The number of theater tickets that can be bought with
a 10-dollar bill depends upon the of each
ticket.

8. The that an autcmobile can travel at al
average .. . ....... .. of 30 mi. per hr. depends upon the

taken for the trip.

9. The volume of a circular cylinder depends upon the
and the . of the base.

10. The time that it takes you to fill in all the blanks on
this page at an average rate of 4 blanks per minut
depends upon the of blanks.

11. The interest received per year from a n investment of 500
depends upon the of interest.
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THE DEVELOPMENT OF MATHEMATICS
IN THE JUNIOR HIGH SCHOOL

BY WILLIAM BETZ

INTRODUCTION

The following report comprises, first, a brief account of the
junior high school as an institution, and second, a survey
of the present trend in junior high school mathematics. The
prominence given to the first part of this report is due to the
belief that an intelligent grasp of the factors which are mold-
ing the character of any subject in the curriculum is impossible
without continuous attention to the educational situation in
its entirety. Naturally, an exhaustive treatment of the many
questions suggested by this investigation would,far transcend
the limits of this Yearbook. Hence there is no attempt at
completeness at any point. Moreover, for obvious reasons,
material which may be supposed to be familiar to the majority
of progressive teachers has been either omitted or presented in
outline form. In the interest of a broader point of view,
numerous quotations and references were introduced through-
out the discussion.

I. THE 'JUNIOR -HIGH SCHOOL AS AN INSTITUTION

1. Definition of the Junior High School. The term, "junior
high school," has been in general use about fifteen years.
Nevertheless, there is no perfect agreement as to its exact
meaning. Many definitions have been formulated. None seems
entirely adequate. From a mere state of mind, a "feeling"
or an "idea" without corporeal existence, the junior high
school has developed into an institution of commanding im-
portance. At first, a single sentence served to describe that
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idea. Its growing complexity at present seems to require
numerous paragraphs.

Thus, in 1919, the North Central Association Commission on
Secondary Schools adopted the following definition:

A junior high school is n school in which the seventh, eighth, and
ninth grades are segregated in a building (or portion of a building)
by themselves, possess an organization and administration of their
own that is distinct from the grades above and the grades below, and
are taught by a separate corps of teachers. Such schools, to fall within
the classification of junior high schools, must likewise be characterized
by the following: 1. A program of studies decidedly greater in scope
and richness of content than that of the traditional elementury.school.
2. Some pupil choice of studies,, elected under supervisiotl. 3. Depart-
mental teaching, 4. Promotion by subject. 5. Provision for testing out
individual aptitudes in academic, prevocational, and vocational work.
C. Some recognition of the peculiar. needs of the retarded pupil of

adoleseent age, as well as special consideration of the supernormal.
7. Some recognition of the plan of supervised study.

After listing forty-four aspects of the junior high school
movement, Briggs invites the reader. to make his own
definition. More recently, Daviiit finds that. a junior high
school worthy of the name has as many as seventeen different
characteristics. In his opinion, "the junior high school may
be defined as a school unit do:eloped in the United States with-
in recent years and designed to furnish to all pupils, between
the ages of twelve and fifteen years approximately, ( 1 ) con
tinned common education on high elementary levels, and (2)
the beginnings of a differentiated or secondary education
adapted to each pupil's individual needs."

2, Historical. Background of the Junior High School.
Students of the junior high school movement have shown that
it is the result of an older and much . more comprehensive
movement which may he traced far hack into the past. The
essential facts concerning its more recent development have
been summarized by ClementI as follows:.

The first vigorous, conseious discussion concerning the reorganization
of the eight-four pinn occurred during the last decade of the nineteenthcentury. Preside nt Eliot in 1NS strongly advoented reorganization.
The Committee of Ten in 1s02-1s93, and the Committee of Fifteen in

Briggs. The Junior School. p.
tIlavis. C. (1.. Junior High Education. Chap. I.
tCleng.ut. J. A.. Curriculum Making in Secondary Schools. p. 1;01.
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1S95 also considered this problem. During the first decade or more
of the twentieth century the question of reorganized secondary edu-
cation was re-discussed, directly and indirectly, by the Comm Awe on
the Articulation of High Sehoo is and Colleges, in 1911 ; by the Commis-
sion on the Reorganization of secondary Education. in 1913-1914: by
the Committee on Economy of Time, in 1913; by the Department
of Superintendence, in 1916: and by the North Central Associat.on, from
191s to 1922, in its yearly conferences.

The history of the contributions, by individuals and com-
mittees, which led to the junior high school movement, has
been formulated by Bunker,t Bennett,} Briggs,§ Davisji and
others.9

It appears.that after numerous pioneer efforts in various
parts of the country, "the real beginning of the present junior
high school or intermediate school movement is probably to be
found in the reorganization of the school systems in Columbus,
Ohio (190S), Berkeley, California (1910), Concord, New
Hampshire (1910), and Los Angeles, California (1911)."
Since that time it has spread rapidly, and is now extending
in all parts of the country.

The following table, due to Briggs, may be of interest in this
connection :

THE YEARS IN WHICH 272 'JUNIOR HIGH SCHOOLS

WERE ESTABLISHED.

Tear Number Year Xurnber
Before 1900 2 1912 ... 21
1905 1 1913 ... 27
1907 1 1014 .. 44
1908 3 1915 70
1909 3 1910 GS
1910
lull

11 191-
0

..:.. .. ..... .. ... 6

}Bunker, Frank F., Reorganizat:on of the Public School System.
United States Bureau of Education, Bulletin 1910, No. S.

:Bennett, G. Vernon, The Junior Hit; i School, Chap. II.
4Briggs, Chapter II.
ilDavis, Chapter II.
liValuable summaries of many articles and reports concerning this

period will be found in Uhl. W. L., "Principles of Secondary Educa-
tion," Silver, Burdett and Company, 1925.
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3. The Extent of the Junior High School Movement. In
191G, according to reports received by Douglas,* there were
between three and four hundred junior high schools or inter-
mediate schools. A careflil estimate by the Bureau of Edu-
cation! in 1918 indicated the existence of 557 junior high
schools. In 1922 Ing lis$ estimated the total number at more
than one thou' 1 Mali! Clement (Inn§ speaks of the
"fifteen hundr. .cure ui for high schools of the country."

At the pros _me, according to Koos,!1
thousands of Other communities are giving serious consideration to the:,
proposal to effect immediate ur early reorganization. Million's are be.'
ing voted by some of these cities for buildings for properly housing
the new institution. Junior high school textbooks in a number of sub-
jets hove long been on the market. Hardly an etlueational convention
meets which does not give the discussion of the problems of this new
school it prominent place on its programs. Educational periodleals
devote (ninth space to artioles on the Junior high school. Departments
of education in colleges and universities are offering courses cotwerned
exclusively with it, problems anti these and other training institutions
claim to i.e preparing teachers for it. State legislatures are enacting
laws to authorize its establiShment or to regulate its operation. These
are some of the evidences that the junior high school is now one of
our most engrossing educational concerns.

. The Changing Character of the Junior High, School
Idea.. It is very important to remember that the ,junior high
school idea has been undergoing constant revision. I )av
:n an admirable summary, calls attention to the three principal
periods or phases which the junior high school movement has
passed through up to the present time. Whether viewed INuu
the standpoint of aims, of methds, or of content, each decade
since 1S90 seems to have faced the problem in a different
manner. Thus, during the first period, from 1S9O to 1900, the
movement Wast4 iiidpd and influenced largely by university ad-
ministrators; in the second period, from 1900 to 1910, by public
school authorities; in the third period, from 1910 to the present
time, by professional students of pedagogy.
Douglos. A. A.. The Junior- lligh School. p. 27.
tStatistis of l'ublio High School, Bureau of Education Bulletin, 1020,No. 19, pp_ 111-112.
1luilis ( Rondo!). p. 2t13.
§cloment. p. 21(1.
is n; . 1,1I 11t.

4 Dwvi:, pp. 2 :, and 2(.3.
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Iiriggst reminds us that
the reorganization of schools on the 6-6, 6.3-3, or 0-2-4 plans was not
always due primarily to a conception of definite programs for educa-
tional reforms. In some instances a superintendent had au' outgrown
high school building which was too good to destroy and yet not suited
for -ad the elementary grades : in others there was a growth of popula-
tion in a section Of the city remote from the existing high' school: in
others still there was overcrowding that could best be relieved by a
building in which pupils of the upper grades and the first year of the
high school could be congregated.

Inglisj; describes the change that has taken place in the
aims of the junior high school, as follows:
The earlier proposals for reorganization were concerned primarily with
plans for an earlier beginning and a longer period of secondary Nitwit-
tion of the sort already represented in the high school, and the pro-
posers were actuated in large part by ideas of a !onger period of
preparation for college. hater propoals, however, 1..nd those which
have been effective in developing the junior high schools, were in
keeping with our changed conceptions of the functions of sbeundary
educatiint and emphasized a different kind of education rather than
a downward extension of the secondary education previously provided.

Unless these, changing conceptions are constantly kept in
mind, "there is the greatest danger that the real reorganization,
necessary, anti intended, may be lost sight of in the reorganiza-
tion of administrative divisions."

5. 77tc Purpose of the Junior High School. Although
Briggs* obtained f man 266 junior high- sch(0)15 specific reiLsons
for their establishment, it is the contention of ('lenient that
the real motives which led to the creation of the junior lugh
schools as a dist inet section of the public school system are
already being forgotten. Davis:1 thinks that "of all the
functions of the junior high school, that which seeks tt-

aitl pupils in discovering their own capacities and linlitat joys,
interests, and distaSteS, pOWVIN and weaknesses, is the most
important. It is this function, above all others, that j.ustitles
the reorganization of salamis on a new basis,"

The relative proMinence attached by school documents or

tBrigtzs. p. 33.
Alexand J., Secondary Education. Chap. X (p. 263) of Kande',

1 1,. I Editor). Twenty-five Years of American Education, The
Moomilian Company; New York, 1921.

*Briggs, p.
1 tack. p.
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educational leaders to such peculiar functions as retention of
pupils, economy of time, recognition of individual differences,
guidance, etc., was studied by Koos.$ Extremely significant,
if not depressing, is the low rating given to the aim which
stresses "better scholarship."

Acording to Inglis,; the main objectives of. secondary edu-
cation are (1) the social-civic; (2) the economic-vocational;
and (3) the individualistic-avocational. To realize these ob-
jectives, he states that the school should exercise the following
six functions:

The integrating function. The diagnostic function.
The differentiating function. The propuedeutic function.
The selective function. The adjustive function.

Each of these functions should operate in the junior high school as
well as in the senior high school. The integrating function should tend
to foster social solidarity; the differentiating function should aid in
developing personality ; the selective function should sift out the more
fit from the less fit ; the adjustive function should empower individuals
to relate themselves to the "everchanging demands of dynamic society";
the propaedeutic function should prepare the pupil to continue his
studies into their more advanced stages; and finally, the diagnostic
function should help the pupil to diAover his own elements of strength
and weakness and to plan his life career accordingly.11

6. Types of Organization. As might have been expected,
there is no uniformity in the organization of the junior high
school. A dozen or more varieties of its external organiza-
tion may be found in various sections of the United States.
This fact leads Koos to say that `the junior high school is hard-
ly the same thing in any two communities." The forms found
most frequently are the 6.2-4, the 6-3-3, and the 6.6 plans.
Hines, who in 1911 reported nine different types in the 301)
cities included in his investigation, states that the 6.3-3 plan
has now became the most popular. This claim is supported by
a study made by Superintendent Prattf in 1922, in which it
is stated that 21 out of 26 cities of 100,000 population or above
have adopted that scheme of reorganization.

Koos, L. V., The Junior High School, Chap. II, pp. 18 and 10.
A. L., Principles of Secondary Education, Chap. X.

!As summarized by Davis, p. 102.
Hines, H. C., "Junior High -School Curricula," p. 2.
tPratt, 0. C., "Status of the Junior High School in Larger Cities,"

School Review, November 1922.
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The struggle between the 6.3-3 plan and the 6-6 plan is of
particular interest to the "upper high school". An extensive
literature has arisen on the relative merits of the two types.*

It is probable that eventually each community will select
that form of organization which best fits its local needs.

7. The Program of Studies. Many questions pertaining to
the program of studies in the junior high school are far from
settled. In particular, there is a continuous struggle between
enrichment and economy of time, between uniformity and
variation, between "terminal" and "preparatory" values.
Nevertheless, a clearer view of the outstanding problems
seems to be emerging.

Thus, .James 31. Glass, on behalf of the Pennsylvania State
Department of Public Instruction, in 1922, stated the case as
follows:

It is the difficult mission of the junior high school to continue a
program of studies carried through the six years of the elementary
school, modify and enlarge this program for the realization of its
own purposes, and in turn prepare for advanced types Of curricula
in the senior high school.. It is plain that this can be done only
through successive periods in the transitional process. Briefly, these
periods are four in number: A. Adjustment ( Low Seventh). B. Ex-
ploration and Pre-view (High Seventh and Low Eighth). C. Pro-
visional Choice of Eleetives (Iligh Eighth) . D. Stimulation (Ninth
Year.

The dangers of indiscriminate eXpanEion are stated force-
fully by a number of writers.* As t( prevailing types of
curriculum organization, Koos has investigated the relative
prominence of the following: 1) the single-curriculum type,

Vice especially, Sachs, .1., "Tht-, American Secondary School," 1912,
pp. 10s.110;

Wheeler, George, "The Six-year High School," School Review. April
19E1:

Bagley. \V. "The Six.Six Plan," School and Home Education,
September 1011, November 1011. and .11arch 1015;

Harris, .1. H., "The l'iltil." Journal of Education, Vol. 91, 1919,
:135 et seq.;

Schaefer, Harry M., "The Six-Year Unified [Egli School versus the
Senior and Junior School," Prot,. N. E. A., 1920, pp. 221.226;

Davis, C. U., "Junior High-S(10nd Education," Chap. V.
see, esj canals, Ifa% is. t'llap. VII ; Briggs, Chap. VI: Clement, ('hap. X;

1: ('hale XI, pp. 112-11s.
tkoos, Chap. IV
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2) the multiple.curriculum type, 3) the "constants-with-vari-
ables" type. He finds the second type in use in more than a
fourth of a large number of unselected .junior high schools,
while the third is to be found in an increasing proportion of
schools.

In any case, it is becomim clear that "no single program of
studies can be formulated .that will meet all condition,.
Programs of studies must grow out of local as well as national
and universal needs. It is as absurd to draft a program of
studies for schools in general as it is to prescribe a given
medicine for diseases in general. Each school district has
special problems, interests, and limitations which must be
taken in' account."

8. Curriculum Problems. An examination of hundreds of
printed courses of study has led competent critics to observe
that thus far only a beginning has been made at accomplishing
desired ends.* Many socalled junior high school programs of
study and curricula "have neither been recast nor readmin-
istered in any way different from that of the perfunctory
practice under the traditional eightfour regime." It should be
emphasized, of course, that "the whole problem is not so much
one of new courses (curricula) or new administrative machin-
ery, as it is of reorganization and redirection of much of the
secondary school work .in terms of twentieth century social
needs and values."

The crying need of the hour is conceded to be a scientific
curriculum policy.- This means that subjective opinion,
however valuable, can no longer be the exclusive basis of
curriculum readjustments. There must also be scientific
inventories and analyses of the individual and social interests
and needs of pupils. Moreover, "it is impossible to formulate
and outline secondary school curricula apart from consciously

See. especially, James M. Glass. "Curriculum Practices in the Junior
High School and Grades 5 a ml 0," University of Chicago Educa-
tional Monograph, No. 25, November 1924.

tree Clement. Chap. XII ; Inglis. Chap. IX ; Uhl, Part VI (pp. 5S5-
0O2) ; Briggs, Thomas 11., The School Review, February 1923,
PP. 109-113.
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recognized objectives." Finally, there must be a continuous
process of re-definition, becatse modern society is never static.

Hence, in planning secondary school curricula, "one of the
first steps is a clear statement of objectives in terms of the
growing needs of pupils, and of the society in which they live.
A second important administrative step is the provision for
an adequate time allotment for the realization of such objec-
tives as are definitely outlined."

Viewed in the light of these stalements, it is clear that
"curriculum making in our secondary schools at present is no
mean task. It is a complicated project, a stupendous under-
taking in the midst of the complexity of problems arising out
of the current changing social orders Obviously, no single
individual can hope to suggest the final proecdurc."t

9. Thc Development of Method. During the past .thirty
years an almost revolutionary change has taken place in the
attitude of leading educational thinkers toward the problem
of method. This change has been characterized as a trans-
ition from Herbartian formalism and receptivity to the
functional program inaugurated and sponsored by Dewey,
Thorndike, Kilpatrick, and their numerous disciples. The old
faculty psychology has been replaced by the mechanistic
stimulus-response hypothesis, A new doctrine has arisen with
reference to the transfer of training. This doctrine, instead of
"exploding the myth of mental di.wipline," no longer questions
the fact of transfer, but is tr;,ing to determine its extent and its
moth's operandi by scientific methods. Finally, the use of
statistical methods, as applied in the field of experimental
pedagogy and in the measurement movement, is profoundly
modifying classroom technique. Naturally, these outstanding

:Attention may also he called at this point to the publications of well-
known -curriculum builders, e. lionser, Charters,

'For valuable reviews of this period. KI`t Maddox. William 1, "Develop-
ment of Method," Chap. VI, of Kandel (Editor), Tv entytive Years
of American Education: also Ilillegas. Milo It., "The Problem of
Method," United states, pp. 557-596. Dlimational Yearbook (MI).
International Iustitute of Teachers College, Macmillan Company,
1925.
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transforming influences have begun to affect the pedagogic
procedure of the best junior high schools.

Only five of the many consequences of this new orientation
can be mentioned at this point: 1. The project-problem meth-
od.t 2. The conscious application of -tested objectives. 3. Super-
vised study. 4. Experimental teaching on a nation-wide
basis. 5. The use of educational tests for purposes of
classification and diagnosis, and for measuring progress.

An enormous literature has arisen with reference to each of
these five factors. The newer contributions seem to warrant
the feeling that at last we are beginning to develop a more
discerning and critical judgment which refuses to be influenced
by every new panacea.$ Above all, the feeling is growing
that "any move in the direction of the establishment of a
general method is necessarily fallacious. The way to learn
to spell a word is not the way to learn to play on the piano.
Even the motivation is not the same in any but a rhetorical
sense of the word."

10. The Preparation of Teachers. In 1918 the North Cert.
tra-I Association of Colleges and Secondary Schools unanimous-
ly adopted the recommendation
that the standard of preparation for the teacher of the ninth grade
of the junior high school he the NADU, as the standard now admin-

tFor a critical review of the project method, the reader is referred to
Bagley, Teachers College Record, September 1921; Maddox (Kan -
del), pp. 165-170: Horn. Ellueational Review, January 1022; ran-
oni, M. E.. rho Project Method in Edueation," 1019.

:See 1)r. Thomas .1. McCormack's "Critique of the Measurement Move-
ment." in School and Society. June 24, 1922of course. no one
desires to ignore or minimize the epoch-making contributions of
the measurement movement. There is. however, a growing resent-
ment of the inreilibly naive, and often blundering, encroachment
of soulless "educational inaehinists.- Thinking teachers refuse to
ignore the "fallacy of the average, or to disregard the appalling
danger of ''standardised thinking- in a dPinorracy which depends
for its very existence on intelligent initiative and buporior leader-
ship. Styli svnt iimmt4 sectlt to be fairly universal. From Germany,
the home of experimental psyhology, conies the message that "on
the %vhole. practial teaeliers are not entlinsiastie over intelligence
test.1; they would like to have. in addition. a .wand method for
measuring in the fields of emotion and NVIII." I Edtwational Year-

p 31f1. fee alt(I. i.ehulauu. It.. I'as doppelte Ziel der
Erziehung. Berlin, 1925, pp. Co 7N.1

.11
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istered for secondary teachers by the North Central Association. An
equally high standard of preparation for the teacher of the seventh and
eighth grades of the Junior high school should be insisted upon as soon
as practicable.

Naturally, as one writer remarks"these standards represent
ideals." lie goes on to say that "whatever standards are set
up, provided they be not inundatory, a superintendent is likely
to select the best teachers that he can find, most probably in
his own system, regardless of academic training or degrees."

A number of studies have been made with reference to the
preparation and training of junior high school teachers.
Thus, Smith,* in 1922, after examining the catalogues of train-
ing institutions, found that practically one-third of the states
support some activities in the training of teachers and super-
visors for junior high schools. There were 125 methods courses
in 48 institutions. The average experience of 473 teachers in
120 schools was reported by Evendent to be 7.5 years. The
plan followed at Rochester, New York, in the selection and the
training of a group of teachers for the first junior high school
of that city has been described by Superintendent II. S. Weet.$

In general, the opinion scemH to prevail that teachers
recruited from the grammar schools excel in classroom control
and in teaching technique, while college graduates with special-
ized training are superior in scholarship. The unsolved
problem is a unison of method and content.

11. Appraisal and Outlook. Undoubtedly it is still too
early to expect anything but a provisional estimate of the
accomplishments and the standards of the junior high schoolli

Smith. II. J., "Special Preparation for Junior High School Service,"
Educational Administration and Supervision, December, 1922 see
also Gosling. "The Selection and Training of Teachers for Junior
High :schools," Part I. Eighteenth Yearbook of National Society
for the Study of Education.

tTeachers'Salaries and Salary Schedules in the United States, 1918-19,
p. 62.

Wm.. N. E. A., 1916, pp. 1036-42; School Review, February 1915;
Educational Administration and Supervision, September 1010.

I;Davis, Chap. XXI and XXII.
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In a very real sense. the junior high school is an evolving
institution, called into existence by many factors, most of them
of a slowly maturing force. And it is still being transformed
by numerous influences and agencies which are often in serious
conflict with each other. It has become the battle ground of a
corps of specialists, each expecting the exclusive recognition of
his particular point of view. The administrative expert of the
junior high school tries to solve its perplexing organization
problems by prescribing -broadening and finding" courses,
arranging extracurricular activities, and refining time
schednles to an ever increasing extent ; the educational
theorist wishes to control its methods and classroom policies;
educational psychology demands due regard for laws of learn-
ing aml for individual differences ; curriculum experts offer
their criteria of selection, evaluation anti arrangement ; and so
on, ad infinitum.t

Under these circumstances. is it astonishing-that the finite
brain of the mere. teacher should have attacks of dizziness?
Anti even the texbook writer, formerly so complacent and so
painfully stereotyped, is showing slight symptoms of a bene-
ti:ent inferiority complex. In faet, mnitiple authorship has
becoum almost a necessity. That plan, however, may soon be
replaced by the coiiperatire effort. of an endowed syndicate of
experts. Particularly significant is the nation-wide mobiliza-
tion of thought on curriculum construction now being directed
by :1 committee appointed by the Department. of Superinten-
&ne of the National Edt"ation Association.

And so, the junior high :Aim] is at once the hope and the
despair of fir, van' looking educators. It is the groping
attempt of a developire: denweracy to pr )vide a more adequate
edueathmal atmosphere for all the adolescent children of all
its people.

t.1n unit clostription [If the "Inuntlesome and awk-
%:inl" situation oftpn prvniling oven in superior junior hi:zh
c.11,,t.1,: L:ivi.n Itrunir. II. 11.. in -The Junior 111:411 Svhnol at
1vol1;,- Tun,111rs ('1111121. Clintrilintions to I:duation. No. 177, p.

Nuw York. 192:).
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II. MATHEMATICS IN THE JUNIOR HIGH SCHOOL
1. Underlying Causes of the Present Status of Junior High

High School Mathematics. Mathematics in the junior high
school is still in the making. Neither its purpose, nor its
content, nor its method, can be regarded as settled. The
agencies which have molded the junior high school as an
institution haVe naturally affected each of the special subjects
included in its program of studies. In particular, the form
which mathematics is gradually assuming in the junior high
school is the composite result of at least three distinct forces:
1. The reorganization movement of the elementary school. 2.
The reform movement in secondary mathematics during the
past thirty years.* 3. The change in the educational back-
ground as a whole.

It is the failure to understand and to appreciate at its true
value the legitimate and essential contribution of. each of
these three factors which is causing nearly all the confusion
of the present moment. A convincing study of their relative
significance would be a grateful task for some able student of
education.

2. how the Content of the New Mathematical Curricula is
Being Determined. According to Professor L. C. Mossman,f
leaders in education have viewed the problem of curriculum
construction- -not always in harmony with each otherin at
least seven distinct ways, and with reference to eleven or
more different categories. As a matter of fact, a much
simpler procedure has been at the bottom of the reorganized
curricula in our best schools. Unquestionably, the five princi-
pal sources of the new mathematical courses are the following:
1. The subjective opinions of teachers and textbook writers.
4,4% connected account of this entire period is urgently needed.

t'W teachers have access to the original documents. Professor E.
II. Moore's famous adoress k reprinted in this Yearbook. .44,e, also
in an earlier chapter of this volume. a review of the wort: of the
important committees. h Professor D. E. Smith vhi, has had such
a large share in the progressive movement of the past twentytive
years.

tMosstuan, L. C. ".1n Ano/yRil of thr Thcorig It a Rif' to Currie:0 unt
Construction, Teachers College Record, May. li1'25, pp. 731-739.
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2. Committee reports. 3. Objective inventories and an-
alyses. 4. Experimental teaching in representative schools.
5. World opinion.

Obviously, the experience of generations of teachers cannot be ignored.
Throughout the period considered the criticisms and suggestions offered
by individuals have really been the basis of ell subsequent reorganiza-
tion. Summaries of these suggestions have appeared from time to time.
The'reports of the numerous general and special committees which
have been at work during the past thirty years have usually given the
collective opinion of a small group of individuals. Nevertheless, they
have profoundly influenced the present trend in mathematics. This
Is true espeeially of the Report of the National Committee on Mathe-
matical Requirements.--A summary of twenty-nine objective studies
relating to the mathematics of grades 7, 8, and 9. was recently pub-
lished by Sehorling.t These studies are of very unequal value. They
include; one analysis of "pupil activities"; six studies of the mathe-
matics needed in general reading; three studies of`the mathematics used
in business and in social life; six studies of the "academic"
uses of mathematics; seven questionnaire investigations. The very
common fallacy of depending on the "frequency of occurrence" as 4
reliable criterion in the selection of subject.matter is strikingly illustrat-
ed by a number of these investigations. Some of the contributions of
leading experimental schools are listed by the Report of the National
Committee.$ Moreover, programs for experimental teaching have been
suggested by screral writers.Finally, as tow world opinion,; the reports
of the International Commission, and numerous other related publica-
tions, have exercised a corrective and broadening influence.

3. Curriculum Practices in Typical Junior High Schools.
A detailed study of the junior high school curricula in four-

HIGHEST, LOWEST AND AVERAGE NUMBER OF MINUTES
ALLOTTED EACH WEEK TO THE DIVISIONS OF

REQUIRED GENERAL MATHEMATICS IN
FOURTEEN SCHOOL SYSTEMS

Arithmetie Algebra Intintive Geometry
Grade !Ugh Low Aver II 1, A II 1, A

5 :100 125 20.1
0 271 12() 200 .. .. ..

7 275 11 o 1112 82 2:1 2:1 1:10 8 flo
Si 275 75 11;5 150 09 11)4 1o5 9 7
9 225 11)0 175 :in) 1(4) 2111 125 (4) 85

tfichorling, Raleigh. "A Trutatite List of Objectives in the Teaching of
Junior High School Mathematics," Chap. III, Ann Arbor, Mich.,
1925.

*Report by the National Committee on Mathematical Requirements, on
"The Reorganization of Mathematics in Seconctiwy Education,"
1923, Chap. XII.
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teen representative centers was made by Mr. James M. Glass."
Of the extensive statistical material contained in Mr. Glass'
report, the following table is perhaps of greatest interest.

Some of the other tabulations, pertaining to the mathematics
of grades 7, 8, and 9, may be summarized as follows:

Mathe-
matics of

Time. aver.
no. of min-
Wes per
week

Time, per
cent of
total.

Lowest no
of minutes
per week.

Highest no.
of minutes
per week.

No. of
periods
per week.

Grade 7

Grade 8

Grade 0

238.1

. 241.4

208.3

14.8%

14.3%

18.3%

150

180

200

300

300

450

4.1

4.4

5.2

The principal findings of the report appear to justify these
conclusions :

. 1. There 1.9 an enormous discrepancy in the time allotment of these
schools.t

2. A glaring disagreement iu the content of the courses is noticeable.
3. Real reconstruction of content is far from general. In particular,

the function of intuitive geometry is often misunderstood.
4. The fallacious procedure of testing "resul:s", before valid objectives

hive been formulated, is only too common,
5. The frequent absence of valid objectives and standards makes it

only too certain that "until suh standards are established by a
nation-wide investigation and I, vommitlees in each subject field,
in which all school systems will have implicit confidence, the present
confusion of curriculum practice and the apparently needless waste
of school time and public funds must be expected to continue."

4. Textbooks and Syllabuses. Thus far, about a score of
textbooks have appeared which are devoted either entirely or
in part to the mathematical work of grades 7, 8, and 9. They
reflect all the conflicting tendencies outlined above. Neverthe-
less, the total contribution represented by these publications
justifies the feeling that the reorgaiiization of mathematics in

Glass. James M. Curricutuni Prartices in the Junior High School
and Grades 5 and 11." University of Chicago. supplementary Educa-
tional Monographs. No. 25. November. 102-1.

tThe reader is cautioned against the use of the above data for compar.
ntive purposes. The amount of time allowed for home study or
supervised study must also be taken into account. This factor
varies fully as much as the gross time allowance.
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the junior high school has gone. beyond the initial stage, and
that it compares very favorably with similar efforts in other
subjects.

A critical inspection of all the available texts shows that
much progress has been made_in the selection, the motivation,
and the arrangement, of the topics included. On the other
band, these texts also seem to warrant the following state-
ments:
1. An excessive variation prevails in the degree of emphasis which is
placed on the various ingredients of the curriculum. 2. Intuitive
geometry is not receiving its due share of attention. a There is no
clearly defined policy with reference to purpose or content. 4. With
very few notable exceptions, there is no evidence that the materials
included were determined experimentally. 5. A majority of the
authors evidently lack first-hand classroom experience in genuine junior
high schools.

Teachers and textbook "juries" should be reminded that the
mathematical curriculum of the junior high school is still in
a state of flux, and that, as a result, no single text or syllabus
at present can adequately reflect the ideal practice of a typical
junior high school: All existing books and syllabuses must be
regarded as provisional and tentative. That the National
Committee endorsed this point of view very emphatically, is
proved by the following quotation from its Report:

The committee is fully aware of the widespread desire on the part
of teachers throughout the country fur a detailed syllabus by years or
half-years which shall give the best order' of topics with specific time
allotments for each. This desire can not be met at the present time for
the simple reason that no one knows what is the best order of topics,
nor how much time should be devoted to each in an ideal course. Thecommittee feels that its recommendations should he so formulated as to
give every encouragement to further experimentation rather than to
restrict the teacher's freedom by a standardized syllabus.

Fortunately, there are indications tha'; in the future the
important task of preparing textbooks and syllabuses will be
undertaken, to an increasing extent, not by mere theorists, but
by capable, well informed teachers who know from prolonged
experience which materials actually function in the lives of
children.

5. G en rral and Specific Objectivet of Junior High
Mathematics. The most serious weak less of the present
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situation appears to be the absenee of generally recognized
guiding principles. This confusion of objectives, to be sure, is
characteristic of the whole field of secondary mathematics."
A detailed study of the Report of the National Committee,
especially of Chapters II and III, would remedy many
troubles. Familiarity with the critical reviews of this Report
would atso be profitable/i

Within the last few years, there has been a growing feeling
that teachers need, in addition to general criteria of selection,
a detailed analysis of the precise scope of each topic. The first
comprehensive study of such specific objectives in the field of
junior high school mathematics was issued last year by Pro.
fessor R. Schorling.$ It includes a basic list of 305 elements
(9 attitudes, 63 concepts, 127 abilities, 106 items of informa
tion.) The total number of elements considered is 45.1, The
author of this monograph very properly warns his 'readers
against a wrong interpretation of his ,`findings. These state.
ments are particularly significant :

The technique here employed leaves the door open for growth. Itis conceivable that this study repeated ten years hence ,would result inmany and drastic changes. Certainly the same study carried out ten
years ago would have resulted in a basic list far different from the onehere suggested, It is not to be expected that this basic listwill fit every community. nor win the endorsement of all individuals.
On the contrary. the writer does not accept the basic list throughout.

The contention is that this chapter furnishes a good working
basis for any group of teachers that sits in conference for the purpose
of making a course in mathematics for grades seven, eight and nine to;their community.

An extensive investigation of the general and spetifie objec-
tives of secondary mathematic. is being conducted at present
by Professor W. D. Reeve of Teachers College.11 Thorndike's

Betz. W. "The Confusion of Objectives in Secondary Mathematics,"
Mathematics Teacher, December, 1923.

t"The Junior High School Report." A Dismission by Walsh, Breslieh,
Betz, Schorling. Miss. Gugle. in the Mathematics Teacher, January
1921. See, especially. Rugg. Harold. "Curriculum Making: What
Shall Constitute the Procedure of National Committees," Mathe-
matics Teacher, January, 1924.

tScholing, Raleigh. sit., Chap. V.
I:The first part of this investigation was published in the Mathematics

Teacher, November, 1925. It contains a valuable list of references.
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contributions in this field have been received with attention.§
Finally, reports of committees, special monographs, and help-
!Ail articles in the professional journals,ff are. constantly adding
to the fund of available information in this field. In short, if
the lack of perspective described above should continue, it
will not be due entirely to a dearth of helpful literature.

6. The Struggle between Stratified and Unified. Hathe
maties. Just what is the best arrangement of all the items
which make up the mathematical curriculum of the junior high
school, will always he a debatable issuv. The early tendeney,
found especially in California,* to copy the stereotyped
compartment system of the traditional high school, has no
serious advocate at present. A system of "units" or "biticka"
of work has very generally replaced it. This means that a
"unit" of arithmetic is followed by a "unit" of geometry, or
algebra, or trigonometry, according to the preference of the
individual school.t In reality this is still "stratified" mathe-
mattes, but the strata have become thinner. This arrange-
ment is called "general (or "correlated", "composite",
"unified") mathematics.

The effectiveness of this plan depends on many factors,
especially on the amount of genuine correlation which
it consciously realizes./ An actual "fusion" of the mathe-
matical ingredients appears to be customary only in industrial
and manual arts classes, usually in connection with practical
problems or projects.11
{Thorndlke, E. L., and others. "The Psychology of Algebra." Mac-

Millan Company. 1923.
¶See, for example, Dickinson and Ruch, "An Analysis of Certo'n

Difficulties in Factoring in Algebra," The Journal of Educational
Psychology. May, 1925.

'Bennett, pp. 92-95.
tBreslih. E. The r,ntary Organization of thr .1fathrinatirs of the

brrrnth. Eighth, and Ninth Gradc8". Mathematics Teacher, April.
192:1.

$See Report of thr National Cr»nniittrc. pp. 12-14: also. see Iti.:ve,
1. "7'he Case for ()corral ifatlicniatice, Mathematics Teacher,
November, 1922.

;;In this connection. it would be profitable for secondary teaelv.rs to
study the corresponding development in the colleges. See. for
example, Miss V. Sanford's article on "Textbook.9 in l'nifird Mathe-
matics for College Frannicn", Mathematics Teacher, April, 1023.
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Of course, the creation of a single course in "general mathe-
matics", suitable for all schools ami all pupils, may prove to be
as utopian as has been the development of a "general" method.
What is needed, however, is a scientific theory of correlation,
suppleni:nted by flexible criteria of arrangement.

7. Pedagogic CO ItSidera MR. For reasons of economy, a
number of closely related items will be considered together
under. this heading.

a. Methods of Teaching. In general, better teaching is
being done today in many junior high schools than in the
average upper high school. The usual, mechanical "recita-
tions" are disappearing. There is much more "motivation"
than formerly. Drill work of a more intelligent and effective
type is coming into 'rise. The number of trained teachers is
rapidly increasing.* At the same time, it is significant that
only two monographs, of very moderate scope, have appeare.1
thus far, which are devoted exclusively to mathematical meth-
ods in the junior high school.f

b. Projects. 3Ikrh confusion has been caused by uncriticul,
indiscriminate eulogies of the "socialized recitation" and of
"project teaching". A return to sanity is under way. A real
"project" in mathematics takes very much time; it renders an
organic development of a cumulative subject like mathematics
almost impossible, within the customary meagre time allow-
ance; it cannot he inco`rporated in a textbook; it requires ex-
pert teaching; and ordinarily it functions only in small classes,
or in private schools. Nevertheless, supplementary projects,
conducted by inspired teachers, are very desirable.

c. Ability Grouping. The National Committee offered the,
significant recommendation that "in the junior high schooa.,
comprising grades seven, eight, and nine, the course for these
*See Professor R. ('. Archibahl'm scholarly report on the "Training of

Tear/lent of Mathematics", Chap. XIV of the Report of the Nation-al Committee.
'Mather. Harry C. "Tenriting Junior II igh .School if athonatir4".

Houghton Mifflin Company. 192-1: the second monograph, in pamph-let form. may be obtainea by addressing its author, Dr. John R.
Clark, of the Lincoln School of Teachers College.
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three years should be planned as a unit with the purpose of
giving each pupil the most valuable mathematical training he
is capable of receiving in those years, with little reference to
courses which he may or may not take in succeeding years."

A one-sided interpretation of this statement might easily lead
to a re". tition of the deplorable blunder of the Committee of
Ten (18931, when it refused to recognize the unavoidable dis-
tinction between "terminal" and "preparatory" courses. The
psychology of hfdividual differences, the use of survey tests,
the introduction of a system of guidance in the larger schools,
and the pre-vocational interests of many children, have con-
clusively .used of the ohl conception of a single course for
all. As a i suit, there have been numerous attempts at a more
homogeneous classification of pupils, and differentiated courses
are being dt eloped.

It is too early to. pass final judgment on the many related
experiments which are being conducted throughout the
onntry.II Perhaps it is safe to assert, however, that a refined

system of ability grouping has proved impossible, for admin-
istrative reasons.$ The logical consequence of an extreme
form of classification would be individual instruction, after the
fashion of the Dalton plan, which represents a curious rever-
sion to the days of 'the little red school house".

d. Use of Standardized Tests. Much harm has been (Ione
by the premature, mechanical use of "standardized" tests.§
At best, the available tests can serve only is provisional or
investigational purpose. The elaboration of really significant

[See Bruner. op. cit.. ('hop. III.
IFAlually futile is the attempt to enlarge the number (lc prescribed or

elective courses in mathematies. For a statement of tlin thorough-
ly untenable ideas of Professor Snedden. see his article in the
Mathematics Teacher. "Presrribed versus Elective Maincmaties in
Junior High ,14:chools", Fellruary. 1122.

Bee. especially. Upton, C. B. "The Intim-nee of Rtandareizi'd Tests nn
thr Curriculum in Arithmetic". Teachers College ltt'eord. April. 1925 :
Walker. Helen M. "What Tests Do Not Test", Mathematics
Teacher. Jan on ry., I!123 Professor Reeve's report on "The bn-
piorement of Tests in Mathematic s". in this volume and the same
author's latest work. ".4 Diagnostic Study of the Teaching Problems
in 110h-school Mathematics", Ginn & Company. 1926.



Mathematics in the Junior High School 161

tests will take much time, and it will presuppose the general
acceptance of scientifically tested objectives, obviously not to
be expected very soon. In the meantime, teachers should
study the literature on objectives and on the newer types of
tests. They should then begin to experiment independently
in their own classrooms. The motto should be: "Objectives
first, then teach, test, teach again, test again."

8. The Arithmetic Situation. An immense amount of
work has been done in the field of reconstructed arithmetic.*
Suggestions of reformers range all the way from the complete
elimination of the subject in the junior high school to an ex'
aggerated emphasis extending into the upper high school.
Some feasible middle ground must be found. Reliable in-
ventory tests have revealed a surprising weakness in the
elementary processes and an extensive ignorance of the funda-
mental principles. Disregarding these weaknesses will not
remedy them.t Perhaps the situation may be summarized by
stating that the present practice of the best schools involves
three typical features: 1) Carefully conducted, individual-
ized drill work; 2) the essentials of socialized arithmetic of
the community type; 3) the occasional use of supplementary
projects.$

A really scientific reorganization of arithmetic is of the ut-
most importance, since the necessary time for the newer
elements of the curriculum can be provided only by the drastic
elimination of all unessentials. In this direction, much
remains to be acomplished. Some authors and syllabuses are
still bent on making every pupil into an expert accountant,
or a bookkeeper, or a banker. Others continue to show their
preference for the encyclopaedic bulk of the older 'texts. It
should be realized at last that a highly specialized content is

"'See. for example, Monroe. Walter S. "Principlem of Method in Teach-
ing AritimPtie, Chap. IV of the Eighteenth Yearbook of Nat. Soc.
for the Study of Education. Pnrt IL

f See Osburn. W. J. "Correctivc Arithmetic'', Houghton Mifflin
Company, 1024.

ILuIl and Wilson. -The Redireetinn of High School In4truction-, J. B.
' Lippincott Company, 1921, pp. 74.su.
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out of place in a junior high school, and that the training in
science and in the applied arts, which is offered to an increasing
extent in good schools, renders a large part of the traditional
arithmetic course both unnecessary and obsolete.

. 9. The rase of Intuitive Geometry. As was pointed out
above, intuitive geometry has not yet received the attention
to which it is entitled. Its precise function does not seem
to be understood, and even lw excellent suggestions given by
the National Committee have apparently been insufficient. A
further campaign of education may be necessary. Above all,
would it not be possible, in connection with training courses
for teachers, to present more clearly the conrpelling reasons
for emphasizing this phase of mathematical training?

Historically, mathematics was called into existence because of thenecessity for counting and measuring. This fact has given to mathe-
matics a double foundation. namely arithmetic and geometry. It isapparent that we cannot make or manufacture the simplest articlewithout giving due attention to its form. its dimensions, and the
proper relation of its parts. Nature and the manual arts are readily
seen to be the two permanent sources of geometry. Mime especially,
training in space intuition and in plastic thinking is at the bottom ofall forms of applied art. The geometric principles of equality, syzzi-
metry, congruence, and similarity, are implanted in the very nature of
things. The art of measurement permentes the fabric of modern
civilization at every point. Then, too, intuitive goonictry has a func-
tional aspect through the unique training which it affords in the
discovery and formulation of relationships. Finally, intuitive geometry
is absolutely essential as a prepuratiou for effective work in demon-
strative geometry.

When thus conceived, intuitive geometry serves to vitalize
and humanize the whole course in elementary mathematics.
That these arguments have had a convincing force abroad, is
proved by the constantly increasing attention which the lead-
ing European countries have given to elementary geometric
instruction ever' since the days of Pestalozzi, Herbart and
Froebel.f

'The writer has stated these arguments more completely In other
publications. See `Illustrated Ma them Urfa Talks by Pupils of
thy Lincoln Shool, pp. 23-32. New York. 1920.

t For a bibliography extending buck to the year 1503. see the excellent
monograph of the late Professor P. Treutlein, "Der Geonwtrische
Anxehauunpunterricht, IA.ipzig, 1911,
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10. The Reorganization of Algebra. After much contro-
versy, a new and greatly reduced algebra program is taking
form. A majority of the recent writers would probably accept
this formulation of the new content "It should include the
equation, the graph, and the formula, in a functional setting,
together with as much purposeful technique as is needed for
the solution of suitable problems."

Great uncertainty prevails, however, as to the significance
and the scope of problem-solving.* Some writers seem perfect-
ly vt Wing to sacrifice the traditional verbal problems in favor
of more intensive training in other abilities.t For obvious
reasons, too, the "function concept" is still under constant
debate. It is conceded that genuine work in functional think-
ing is certainly more appealing than much of the usual form-
alism of algebra, and less difficult. On the other hand, if
functionality is to be an organizing principle of fundamental
importance, the whole course must be readjusted accordingly.$
Many authors still try to retain all the old material, and at the
same time to glue on a few patches of functional work. It is
this double burden, and not the function idea as such, which is
causing many secondary teachers to view the new program as a
sort of bete noire. In the opinion of the writer, a really
organic algebra curriculum can be evolved only in a six-year
high school.

11. Unsettled Problems. Needless to say, a complete enu-
meration of the many unsettled issues in the field of junior high
school mathematics cannot be attempted in these pages. They
involve the whole domain of aims, of curriculum reconstruction,
of methods and standards.

. Thus, much might he said of the stimulating influence which
is to be expected from the inclusion of numerical trigonometry
in the new curricula. Again, it would be an inviting task, if

- --
*See. especially. Llizda. Pala. Tearking of Elementary Algebra",

ib.tit:hton Nliflin ('ompany. 19:;:i,
t'Spe ThormIlke. E. L. knoll others), The l'ayrItology of Algebra", Chap.

V.
tier Hedrick. E. It. "rum-firma/it!, in lfathrtnatiral Instruction in

.5ehool,1 and Cul/ucli-, Mathematics 'readier, April, 11122.
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\space permit ed, to discuss the relation of demonstrative
geometry to an ideal junior high school program.

l'ndoubtedlY, many of the problems which are so perplexing
at this time can be disposed Of Only by continued classroom
experimentation. And, in .the opinion of the writer, the six-
year high school holds the key to the solution of not a few of
them.

12. The MesNage of Other Conn triex. Mathematics, because
of its cosmic background, has always transcended national
and geographic barriers. Hence, the experience of other
countries with reference to the organization of mathematical
instruction cannot safely be ignored.

Teachers of mathematics have certainly been greatly bene-
fited by constant reference to the reports of the International
Commission. Since the return of peace, after the great
cataclysm of 1914, many educational readjustments have oc-
curred in practically all the leading countries of the world.
The literature describing, these changes is gradually becoming
accessible.* From the best European schools we can learn the
importance of better scholarship and greater thoroughness,
while America sends back to the Old World the inspiration
of broader horizons due to the vastly increased scope of its
unique system of democratic education.

CONCLUSION

At the end of this brief survey, the writer is only
too conscious of the very fragmentary character of his
remarks. Ile regrets that many questions of importance had
to be ignored entirely. Perhaps onough has been said, how-
ever, to convey the central message of the story, namely, that
zr,tch progress has been made and that, on the whole, the
picture is.enceuraging. Many unselfish men and women have
assisted in making the junior high school what it is today. Its

See, for cxample, Kandcl. I L. "The Reform of Nerondary Education
Franrc", pp. 118-1211. Tet pliers Col? ma., Nt'w York. 1921: also

!Act mann. Dr. W. -.Vca7 Types of NrhooIN in Orman,/ and their
Clirriula in Mothymatiex". (Trausl. by V. Sanford). Mathe-
matics Teacher, March, 1924.
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many unsolved imilden94 may confidently he left to the ('rater-
prise of a promisim; future.
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SOME RECENT INVESTIGATIONS'
IN ARITHMETIC

BY FRANK CLAPP

During the last five years the writer has chosen to confine
his research work largely to the field of arithmetic. Five
major problems have been or are being given attention. Four
of these problems are:

1. The Number Combinations : Their Relative Difficulty and
the Frequency of their Appearance in Text Books.

S. A Plan for the Analysis and Scoring of Text Books in
Arithmeti.

3. Elements of Difficulty in the Interpretation of Concrete
Arithmetic.

4. The Knowledge which .Pupils in the Different Grades
have of the Fundamental Principles in Arithmetic.

The investigation of the first of these problems has been
completed and the report is published as Bulletin No. 2. of the
Bureau of Educational Research of the University of Wis-
consin.

The study of the second problem is almost complete and will
appear soon in form for 'use by superintendents and teachers.

The study of the third problem is complete and will appear
Sometime during the present year as Bulletin No. 8 of the
Bureau of Educational Research of the University of
Wisconsin.

The study of the fourth problem was begun only this year
and will not be complete for another year.

This paper presents a summary of Problems 1, 2, and 3 as
Detailed investigations and controlled experiments are distinctly theproduct of the last quarter of a century. The Yearbook would notbe truly representative of the recent developments without asampling of the newer types of materials that are developing toguide our practice.The Editors.
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stated above and sets forth briefly the procedure that is being
used in the study of Problem 4.

In the study of the number combinations a total of 10,915
pupils were tested. The number of answers to combinations
was 3,862,332. The first and second books of two series of
arithmetics were analyzed.

Test A.ADDITION

1 3 2 5 6 7 8 4 1 3
2 4 3 2 3 1 4 4 6 8

4 9 4 5 S 1 0 S 7 4
5 3 7 6 7 9 7 5 2 1

0 5 3 5 6 8 1 3 7 8
2 5 3 7 9 0 1 7 7 1

0 2 3 2 6 9 4 1 3 4
4 9 1 7 9 2 0 5 6

8 2 5 2 5 7 5 0 6 0
9 6 1 8 0 9 8 9 6 3

8 5 0 9 2 4 3 2 3 1

8 9 6 4 1 3 ' 5 6 7

4 6 8 5 3 7 6 7 9 7
8 1 3 4 9 4 5 S 1 0

6 2 1 2 7 9 0 7 1 4
8 7 4 0 5 6 8 3 8 0

9 1 7 2 0 5 6 9 6 1

2 3 6 4 1 :3 4 8 2 5

8 0 9 8 9 3 9 6 4 0
2 5 7 5 0 5 0 9 0

In determining the relative difficulty of the number com-
binations pupils; were tested in two ways: First, the
combinations werk. presented to the pupils in single form as
is shown in the prk :-.ding table.
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The combinations listed above were read to pupils at the
approximate rate of one combination each two seconds. The
rate was determined by experimentation and the time was
made short enough to prevent a pupil's counting or getting the
answer in any other roundabout way. Pupils wrote their
answers on specially prepared sheets. The purpose of the
study was to determine which combinations had been reduced
to the automatic level. The results may 1)6' said to indicate

TEST BA DDITIONPUPIL'S SHEET

Combinations in Problems

(On1 e)

3
5
4
0
6
7
3-

(Tw0 o)

3
e
2
4
7
5
5

(Three)
5
4
0
4
4
5
2
8

(Four)
4
9
4
1
7
3
4
6

(Five)

2
3
0
7
5
3
7

(Sit)
1
%)

5
8
0
5
9
8
4

(Seven)
7
0
5
5
9
9
1
9

(Eight)
7
2
3
8
8
0
4
6

(Nine) (Ten) (Eleven) (Twelve)
2 78 60 31i
3 78 81 53
8 99 56 037
0 8370 9637 4019
8 54 97 OA
3 39 35 51
7 61 65 49

(Thirteen) (Fourteen)
22 0
14 12
01 85

i37 12
24 82
18 OS
24 71
76 29

the relative learning difficulty of the combinations.
Second, the combinations were presented to pupils in ex-

amples as shown on this page.
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In this test it will be noticed that the sum of the first two
numbers where the pupil starts to add (at the bottom) is 0.
From this point the pupil meets, e.g. 5 + 8, as 15 4- 8, or 2'5
+8, or 35+8, etc. In other words the basic addition com-
binations appear as secondary combinations.

Pupils were tested individually, the pupil adding aloud and
giving each step while the teacher checked the results on sheets
especially prepared for that purpose. If the pupil gave any
step wrong he was set right at once and allowed to proceed.
In this way the teacher could, determine which combinations
were missed. There was no time limit, the pupil taking all the
time lie needed for each combination and getting the answer
in any way that he might choose.

The same general procedure as is indicated above for
addition was used for subtraction, multiplication, r and
division in both Test A and Test B.

Bulletin No. 2 presents the results of both tests by grades,
Crades 3 to 8 in addition and subtraction, and to 8 in multi-
plication and division for Test A, and Grades 4 to 8 in all
processes for Test B. The Bulletin also gives the results for
these grades combined.

One very important outcome of the investigation is the fact
that the relative difficulty of the combinations presented in
the two ways is not the same. Table I below, gives the one
hundred addition combinations arranged in decreasing order
of difficulty according to the two tests. The combinations are
arranged in four groups, the hardest twenty-five being indi-
cated by (1), the next hardest by (2), etc.

.Voit.: author is naturally primarily Intoortostool In the lnvtstizathin.
al :I-Teets. but there are 11111)1)rta lit pe(101:041ca I implion ions. Teach.
ers have ustql this list for iliagonNis to ilisovcr 11'h it rifinhinatloini
ha% y not 1)1(11 mastered. oir ioxamplv. 1111 1.1:411t --mule tiny matte A
very how marl: nn stantlarolizooil multiplication' tests. fits teacher
:1Lrtl tl 111 in givt, thy ponlitts: for the oo crciscs in columns A ;tint
It unilior 11112;tipliation in the tank 'at In, foollowiln4 pai.tys:. It V,1,
di,:pfIVP1'011 that thi-: toy 1:1e1;ed only so 1.11 111111tipliPlItioll C01111111111-

.1.110 1 Pal 1Za t hat that 110 had 011ly Bleu fuot.4 to burn irmomi
()I. 11 1:(/1/1111-z:.C.y 1111'gv 1111111111.1' 1111`4 11 1:4'1V 11 feN (111\'M he
N:Is :11,10 to.notke 1111 eelletit slim% lug nn lirook different
thin tests.- -Tlw
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TABLE I
A list of the combinations in decreasing order of difficulty when

presented singly (in the A columns) and when presented in
examples (ill the 13 columns).

ADDITION SUBTRACTION NI CUM PLICAT ION DIVISION
A B A B A B A

(1) (1) (1) (1) (1) (1) (1) (1)8+5 4+9 14 9 11-3 7X0 0X2 2+2 49+7
7+9 9+6 13-4 16-9 OX5 9x4 9+9 54+6
5+8 6+7 16-9 8-1 0X7 9X7 28+4 45+9
9+7 8+6 14-5 11-4 OX1 8x6 1+1 27+3
6+8 6+9 17-9 14 -9 4X0 8x 36+4 56+7
6+9 3+9 15-9 7-0 OXS 7X6 8+8 28+4
5+7 5+8 '17 8 9 1 0X2 0X3 3+3 24+47+8 7+9 13-7 15-9 0X4 0x7 6+6 36+6
8+7 5+9 13-9 9-0 2X0 6 X9 56÷8 48 =6
9+6 8+5 13 5 11 '2 0X6 7X8 54+6 48+85+9 9+9 16 7 11-7 9X0 4X8 7+7 21+7
8+9 7+5 13-7 15-8 8X0 0X8 5+5 18+2
8+6 4+8 13-8 13-5 0X3 7x4 4+4 21+34+7 2+9 11-3 16-7 6X0 9X0 63+9 36+4
7+5 7+6 9-0 OX9 8X7 0+5 72+94+9 3+8

.14-1
12-3 14-5 3X0 7X9 0+9 6:)+9

9+5 7+7 15-6 13-8 9X7 8X4 549 40+89+4 6+6 14-8 10-2 5x0 6X2 0+2 32+46+7 4+7 12-5 '13-9 1X0 0x9 0+7 35+7
5+6 6+8 12-7 13-4 8X7 9X8 0+8 35+54+6 9+7 11-4 5-0 9X6 0X3 0+3 18+3
7+6 8+8 11-6 5-4 6X9 6X8 64+8 15+3
7+4 9+3 16-8 6-0 7X9 OX1 48+8 45+59+8 9+8 18-9 9-3 7X8 8X9
3+7 8+9 11-9 17-9 6X8 8X;3

(2) (2) (2) (2) (2) (2) (2) (2)
9+0 1+3 11-7 t -3 8X6 8X0 0+4 42+7
2+6 8+7 1:1 -1; 6-6 4X9 7x3 0+6 54+9
9+3 5+7 15-8 13-6 4x7 7X5 42+7 30+6
0+6 7+8 8-5 2-2 1x1 6X7 36+9 28+7
6+5 2+2 11-5 8-8 8X9 9X6 28+7 24+3
3+8 3+6 11-8 11-5 9x4 6X6 63+7 27+9
3+4 8+3 9-2 6-4 7X4 5X1 27+3 64+8
3+9 7+4 10-3 10-7 7x6 6X1 21+8 81+9
2+3 9+4 10-9 12-5 8x8 7X7 48+6 36+9
3+5 1+9 14-7 8-1 8X5 7x1 2.1+4 18+6
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TABLE I (Continued)
ADDITION SUBTRACTION MULTIPLICATION
A B A B A

171

DIVISION
A

6+3 4+4 12-4 14-6 8 X4 4X0 2+1 63+7
7+3 1+8 10-8 5.-1 9X8 0 X6 49+7 42+6
2+7 2+8 7-4 11-8 OX3 9X9 40+8 56+8
8+4 3+7 12-8 1-7 5X6 9X3 72+8 16+2
4+8 2+6 1 0 7-1 6X7 3X0 18+6 24+8
8+0 3+5 8-3 9-6 4X8 4X9 24+3 72+8
1+0 9+5 7-0 4-1 3 x8 7x0 72+9 16+4
5+2 1+4 12-9 15-6 1x6 9X5 9+1 20+4
4+2 1+3 10=5 7-5 5X8 8x5 24+6 30+5
1+2 1+7 10-6 2-1 3X9 0 x4 0+1. 14+7
5+3 9+2 8-0 7-3 7X7 9X2 6+3 14- :2
0+3 4+5 2-0 8-2 3X7 3X2 32+4 25+5
0+5 3+4 9-7 13-7 5X7 5X5
5+1 6+2 9-4 7-2 5X9 5X6
7+0 1+6 4-0 12-4 ,9X5 5X8
(3) (3) (3) (3) (3) (3) (3) (3)

8+7 4+( 3-0 10-1 7X3 4X6 18+2 12+3
0+1 '2+7 5-0 9-2 9X9 4X4 8+4 12+6
7+2 6+3 9-6 9 8 7X5 4X7 50+7 32 +8
1+9 6+3 8-2 9-4 4X5 3x1 45+9 8 +4
0+5 1+2 10-4 10-3 3 X4 6X1 3.0+6 9 +3
8+1 5+3 8-8 13-7 2X4 3 x0 3+1 12+2
6+2 2+5 9 -3 12-7 4 Xz 2 x0 35+7 16+8
0+4 2+4 7-3 8-7 5X3 6X3 18+3 10+5
3+6 3+3 6-0 7-6 6X6 5)0, 8+1 4+2
0+2 5+(3 9-0 6-1 6X3 2 45+5 12+6
2+4 7+3 7-2 3-0 6 X4 9 xl 42+6 5 =1
3+0 54-.5 12-6 2-0 1 X2 5X7 18+9 15+5
4+5 1+3 10-7 14 8 6 X5 3X9 16+8 18 -9
0+8 6+0 8-6 12-8 2X6 4x3 4+1 6+6
6+0 8+4 11-2 12-3 3 x6 3x7 20+4 20+5
8 +3 5 -I- 4 10-1 6 2 X3 2 x4 6+1 2 -. -2
8+2 1+1 6 -2 8 3 6X2 6 X 5 32+8 10;-2
6 -4-4 F + 1 10-2 12-9 3X5 5x3 35+5 6-:3
1+4 6+4 7-6 16-8 8X1 5 X 27+9 40+5
9+1 2+3 0-5 9 7 1X9 1X1 3+1 8 +8
5+0 0+9 8-7 9 5 4X:3 4X1 16+4 7 =7
6 +6 0+6 4-1 8 6 5X5 5X4 7+1 12 +4
3 +2 7+2 2-2 6-5 3 X3 2X3 12+4 6+2
4+3 0+1 7-3 1 0 .9x1 2x9
1+5 3+1 6-4 11-9 7X2 4X2
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Table I (Continued)
SUBTRACTION MULTIPLICATION DIVISION

A B A B A B
(4) (4) (4) (4) (4) 0)7+1 3+2 6+1 17-8 2X7 2X1 40+5 9+1

2+9 1+0 2-1 8-5 2X3 2X2 21+7 4+4
2+5 0+1 5-2 18-9 4X1 6X0 21+3 0+3
2+8 7+1 6-3 7-7 4X4 3X3 30+5 3.+3
4+4 0+7 3-1 3-1 5X2 3X2 12+3 5+5
4+1 04 -4 7-1 5-2 7X1 8X1 15+5 0+4
3+1 0+3 4-3 1-1 8X2 1X0 12+6 9+9
4+0 4+2 5-5 5-3 3X2 3X4 36+0 0+7
1+8 2+0 8-4 10-4 3X1 1X2 16+2 .0+6
9+9 3+0 6-5 7-4 6X1 3X8 14+7 0+5
7+7 0+5 9-8 4.-0 1XS 4X5 20+5 6+1
2+0 4+6 4-4 4-2 5X4 1X9 8+2 0+8
6+1 0+8 9-1 8-0 2X9 1X8 12+2 1+1
5+4 8+2 9-9 5-5 2X1 2X6 15+3 0+9
3+3 5+2 5-3 11-6 1X6 1X3 14+2 8+1
1+1 5+0 5-4 10-5 1X5 7X2 10+5 2+1
9+2 4+1 1-1 3-3 2X2 1X5 6+2 0+1
8+8 7+0 8-1 4-3 9X2 2X5 81+9 8+2
1+3 2+1 4-2 4-4 2X8 3X5 9+3 0+2
1+6 9+1 '0-6 10-6 1X4 2X7 10+2 4+1
1+7 5+1 3-3 2X3 1X8 25+5 7+1
2+1 0+2 3-2 10-9 1X3 1X7 4+2 3+1
2+2 9+0 7-7 10 - -8 5X1 1X4
5+5 8+0 5-1 12-6 1X7 5X2
0+0 0+0 0-0 0-0 OXO OX0

In the first (hardest) -group of twenty-five combinations in
Table I, Column B, are found the following: 6 + 6, 7 + 7,
8 + 8, 9 + 9. In Column A, however, the last three of these
are found in the fourth (easiest) group, and the first one is in
the fourth place from the end of the third group. In multi-
plication all of the zero combinations except 0 X 0 occur
before any of the other combinations in Column A, but this
is not the case in Column B. In division, eleven combinations
in the first group in Column A occur in the fourth group in
Column B. (Note 'especially 2 2 and other similar com-
binations.) Many other comparisons may be made all of
which point to the fact that the difficulties which pupils en-
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counter with the combinations are not the same when they are
presented singly and when they are presented in examples.

The'Peaeson Coefficitntm of Correlation between the difficulty
of cpmbinathms presented in .the two ways for the different
processes are as follows:

Add it ion .544

Subtraction .390

Illltipl :cation .580

Division .022

These (*()UniCiPtit correspond roughly to the relative degrees
to which the pupils have mastered the combinations in the four
pmcesses.

In an editorial in the Journal of Educational Research for
December, '25., Buckingham presents coefficients of correlation
between the diffirulty of combinations as found in this study
and as found' in the study by Holloway* and also by Smith.
Holloway confined his attention to the forty-five combinations
in addition and multiplication regarding, for example,
2 -4- 5 as the same as ± 2 and 2 X 5 as the same its 5 X 2.
Bnekingham's coefficients between Holloway's results and the
results of the present study are .G70 for addition and .8.10 for
multipEcation. Smith used a very small number of pupils
but used the one hundred combinations in addition, sub-
tract:on. and multiplication and the ninety in division as
was done in the study at WiSCOnSIII. Buckingham's coeffici-
ents between Smith's results and the writer's are as follows:

Addition .780
Subtraetion .710
Multiplication . .790.....

Division .790

Unfortunately Buckingham does not state whether in
determining his correlation he used the results of the A or of

V. An Experimental Study to Determine the Relative
Ditlien:ty or the Elementary Number Combinations in Addition
and Multipliention. Pit. D. Thesis, University of Pennsylvania.
June, 1911.

f.'s-4111th, .1. II. Arithmetical Combinations, Elem. Sch. Ji. 21, pp. 762-70.
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the B tests from the present study. -Neither does he state
whether in the case of the Holloway study he used from the
writer's study the same grades used by Holloway or ;mt.

Teachers And text books have for a long time spoken of
forty-five number combinations. In doing so the zero
combinations are ueglected and it is assumed, e. g., that 3+0
is the same and 9+3, and 3X9. the same as 9X3.

Preceding tables have made it clear that the zero combina-
tions are not a negligible consideration when accuracy' iy
desired. The question as to the identity of the mo numbers
of a "pair" of combinations, e. g., 3+9 and 9+3 may
be discussed on the basis of their identity as a stimulus
in connection with a nomber habit or on the ..437isis of
their equality of difficulty when the answers are determined
by some thinking procedure. In either case it seems that if
the two combinations are identical, they should have the same
percentage of error and also the individual pupils who miss the
one should miss the other. That such is not the case appears
in the following tables. Table II gives the percentage of error
for each of the two members of all the pairs of combinations in
addition (on the left) and than (on the right) gives one of
the two members paired with a combination to which it is more
nearly equal in diffienity than it is to its mate. For example, it
will he s?en in the first line of the gable that 0 + 1 has a.per-
centage of error of 4.7 while 5.3 is the percentage for 1 + 0,
and that 0 1 and 0 + 7 have exactly the same percentage of
error. The table is for the A tests.

In only two cases, 4 + 8 and 8 + 4, and 5 + 8 nd g + 5
are the percentages of difficulty more nearly equal for -the two
members of a pair of combinations than for one of the membe7!:
and some other combination. Not only is this true but the
percentages for the two members of pairs often differ (Ty
materially.

This A tests, it will be recalled, measure the degree of
automatization for the combinations. Since this is the Rase, it
:Lppears ;Non Table II that the two members of a "pair" of
'combinations are not identical as stimuli in connection with
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TABLE II
SHOWING THAT MEMBERS OF "PAIRS" OF COMBINATIONS (e. g., 3-}-

5 and 5+3) ARE NO MORE ALIKE IN DIFFICULTY THAN ARE
OTHER COMBINATIONS. BASED ON THE A TESTS

mbi
Lon

0.4-1
0 -t-!
0
0 +4
0 4-7)
II7ti
0 +7
0 +'(
0 +9

1-1-2
14-3
1 +4
1 +5
1 +0
1 +7
1 -FS
1 +9

24-:3
2 +4
2 +.1
2 +0
2 +7
2
2 +0

3 *4
3 +5
3+-'i
3 +7

4-8
:3 +9

.4 4-3
4 +'
4 +7
4 +8
4 -t

5+6
5 *7
5 +8
3 +9

6 4 7
31 -FS
ti +9

7 +8
7 +9

8 +9

Pairs of Combinations Combinations of Near Equal Diffieulty

la- Per rent
of error

Per rent
of error

Combina-
t tun

Combina-
two

1.er rent
of error

Per ',eta
of error

Combina-
tion

4 7
4 4
5 0
4 4
4t3
6 5
47
4 0'
4 9

5 2
2.1
3 7
3 4
2 1
Ls
2 7
4 6

13 3
4 4
a. 1
7.3
5 8
3 1
3 3

6 4
6 2
44
7 6
6
64
42
8 6

10 0
58
9 1

8 7
31 8
14 1)
10 9

9 0
13 8
13 1

11 7
15 0

10 8

:

5.3
2 6
4 3
2.8
36
3 9
48
5.4
7.5

1 8
2 9
3 0
4 0
2 5
3 3
4 5
3 7

3.5
5.2
5 3
4 4
4 6
3 9
2.4

3.4
5.2
6(1
5 9
3 9
7.0

25
1 8
8 0
58
9 0

6.5
95

15 0
9.0

8 1
10.8
11 5

11.6
14 2

7.7

1 +0
2 +0
3 +1/
4 +0
6 +0
6-1-0
7+0
8 +0
.9 +0

2 +1
.' +1
4+1
3 +1
6 +1
i +1
8 +1
9 +1

3 +2:-.
.,

4 +2
5 +2
6 +2
7 +2_
8 +2
9' 2
4 1

5-
6 +3

37+:i
8 + 3
9 +3

5 +4
6+4
1 +4
8 +4
9 +4

6+5
7 +5
8 +5
9+5

7+6
8+6
9 +'3

8 +7
9+7

9+8

0 +1
0 +2
0 +3
0 +4
0+5
0 +6
0 +7
0 +8
0+9

1 +2
1 +3
1 +4
1 +3
1 +6
1+7
1+8
1 +0

---

2 +3
2.3-4
2 +5
2 +'
2+1
2 +8
2+9

3 +4
3 +5
3+6
3 +7
3 +8
3 +9

4 +5
i +6
1+7
4 *8
4+9
5-+-6
5 +7
3+8
5+0
64 -7
0 +8
6 +9

7 +8
7 +9

8 +9

.

4 7
4.4
5 0
4.4
46
6.5
4.7
4.0
4.9

5 2
2.1
3.7
3 4
2.1
1.8
2.7
4_6

6 3
4.4
4 1

7.3
5 8
:1_1
3.3

i
t
4 .
7 6
6.5
6.4

42
8 6

10.0
58
9.1

8.7
11.8_
14 9
10.`...

9 0
13 8
11.5

11.7
15.0

10.8

4.7
4.4
4 9
4.4
46
6 5
4.5
3 9
4.9

5 2
2 1

3.7
3 6
1 S
1.8
2 8
4 7

6.2
4 4
3 0
7.0
3 8
3.3
3 0

6 4
6.0
44
7 7
6 5
63
43
8.7
9 5
58

,, 9.0

8 (3
11.7 '
15 0
10 8

9.6
14.2
11.6

11 8
13.0

10.8

0+7
3+13
0 +9
6 +2
7+2
6 +5
8+1
8+3
54.1

5+3
1+6
9+1
5 +0
1 +3
2+1
4 +0
0+1

3+5
0+2
4+4
9+3
8+4
7+1
4 +1

3+9
6+3
2+4
9+8
0+0
2+3

3+0
5+0
7+5
8+4
9+5
4+6
7+8
8+5
6+9
9+4
9+7
8 +7

5+7
8+5

8+6

number habits.
It might be that the pupils who missed the first member of

a pair of combinations were not among those who missed the



176 The First Yearbook

PPcond member. If this were the case, it might be concluded
that missing such combinations was largely or wholly a matter
of chance. It is of significance then to know: (1) To what

.extent pupils missed both members of pairs; (2) To what ex-

TABLE 111

THE PERCENTAGE OF PUPILS MISSING: (I) BOTH MEMBERS OF
PAIRS OF COMBINATIONS; (2) TUE FIRS I' BUT NOT THE

SECOND; (3) THE SECOND BUT NOT THE FIRST

Nits .4
Comhtnctton4 M.4sed

Misse
1st not

N1issr.1
hr! not

Ptirs of
Cotivon.tt)on4

i-15..1
1st 0.41

Nficce.1
201 notboth 20.1 1st -- both 20.1 1st1st 20.1 1t I 201

24-1 1 +2 . 54 1 94 7+3 3 +7 1.74 2.43 3.40
4 3 3 +4 1 02 72 2 94 14-4 .44 .0:1 2 10
3 +2 2 +3 .61) 78 2114 4 +0 () 1-4 311 45 2.22
2 +3 51-2 1.05 1 (15 2 40 9 1-1 2 1-1 42 1 32____
:3 --11

__.-__
0 +3 1 02 1 2(1 3 00 1 +3 :1 +1 42 1.20

1 +7 7 +1 :It) t/0 1 .34 71-0 ti +7 2 40 3. 72 3 90
4 +4 x +4 1 :12 :3 2 70 21-4 4 +2 xt 1 so 2 10_
(3+1 I .rt; 24 1 11 72

___
. 0 +I

_
1 +1)

_ ..
1.05 1 .5:4 2 (14

.1 rs 1 14 1 SO 4 05 5 +3 3 +5 1 34 51) 2.55
4-4 4 +5 5-1 1.0s 1 50 t-.1 4 4-0 1 1)2 74 525

3 +9 9 +3 1 4S :1 72 :1 00 -i-ti S +9 2 94 :31 7, 32
7 r t 4 -7 2 70 c. 3 15 5 II) 0 +2 2 411 9)1 1 02 :t 45

1 (15 2 22 4 11 1 +5 (-1
_ ^

1 02-
74s

--
3 411 4 20 ti

_ _
s 1-2

- _
2 4-s

_

_ _
1 142 I 1- _ -9 +1 i 1 -11 45 911 I 1 (15

_.
0 4-5 3 1-9 45 1 71 1 41. _ ..

..114-7 1 32 .1 3')
_

2 22 - 9 I 7 7-4.9 6 06 4 02 I 1, 911
..7_1-41

i .. -._ _ __... - __ . . _ ____ .

1-, ..... !- 5 4, 7 :15 3 7; S ri5 5 iti 5 li 11! I I) 0
2 7 2 ! 72 :: 21 1 titi 9 i-.1 I) i--i 91) 91 1 -v)_.. - _ _ ... - . .

I 1 ' 4 - 1 ; :9) I .-II I 1 115 3 ; 1 0 t .1
11 n 2

r I 70 .1 5 -1

ti.i i 1 .1, 32

7.) `sh I I. 35
--

40 4 71 7.) I li .1 I 0
_ _ .9 4 92 ! I 0 - I 04 1 11

i . .11 I I 111

tent they tuis,ed the first 'menthe!. and not the heeond; and
t xx hat extent they Inis-4ed the .econd 311111 !S1)i tilt' arr.q.
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These questions are answered in Table III for 1750 pupils in
connection with the A tests for addition, the ptipils being in
Grades 3 to 8 inclusive.

TABLE IV

THE PERCENTAGE OF PUPILS MISSING; (I) BOTH MEMBERS OF
PAIRS OF COMBINATIONS; (2) TI1E FIRST BUT NOT THE

SECOND; (3) tHE SECOND BUT NOT THE FIRST

Pairs
Combinations-
1st

2 +I

of
Missed

both

Missed
1st not

2nd

Missed
2nd not

1st

P:d
C'onibimizion

1st

. s of
Missed
Loth

IMi.ssed
1st not

2nd

Missed
2nd not

Int
2nd

I +2

2nd

.36 ,.54 1.98 7 +3 3+7 1.74 2.46

.60

3.40
4 +3 3 +4 1.02 .72 2.04 1 +8 8+1 .48 2_10

3 +2

2 +5

2 +3 .60 .78 2.94 4 +0 0 +4 .36 48 2 22
5 +2 1 08 1.08 2 46 9 +2 2 +9 .42 .00 1 32

3 +61

1 +7

6 +3 1.02 1.20 3.06 1 +3

7 +6

3 +1 42 .78 1.20
7.1 I .30 00 1.38 6 +7 2 40 3 72 3 90

2.164 +8 8 +4 1.32 3 48 2 76 2 +4 4 +'2 .84 1 -80

6 +I

8 +3

5 +4

3 +0

7 +4

6 +5

7 +8____
0 +1

7t0
64 8

2 -7
1 +1

2 i-0

7 .- 5
_._ _ .

0 -! 6 I

II ... ,

1 +6 24 1.14 .72 0 +1 1 +0 1 08 1 .56 2 04

2 883 +8 1 14 1 80 4 08 5 +3 3 +3 1.38 1.86

4 +3 .54 1 08 1 .56 6 +4 4 +6

14+9

1 0:).

,;; 04

.78

2 34

5 28____
3 329 +3_ _

4 +7

.5 +6

8 +7

1 +9

0 +7

1.38 3.72 3 911 9 +8

II 70 3 IS

2 22

5 40 6 +2 2 +0

5 +1

.96

.54

1 62

.06

1.02___ ___
I 74

4 62______
6 02

'I 04
___

1 35__..
2 58

1 36
_ _

4 11

:i 48

1 68 4.14 1 +5

8f-2
0 +5

9 +7

8 +5

9 40

3 141
___ _ _

0 +3

0 + 0
.. . .

.1 ' 9

I 62

1 38_____
1 44

ti 96

0 60

-1J80 _
2 32

ti 33

2 AS____
3 het

5 40

48

1 32

5 -16

4 26______
.06

(1.42

1 98

2 22

3 78
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66

____ _ ..
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.The majority of +he pupils; got hoth nOmbers of the pairs
right. Now, if a larger percentage miss holt than miss one or
the ()titer. the indentity of the two wtmlil be fairly well estab
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lisped. This, however, is not the case. In every one of the
fortytive cases in Table III the percentage for one of the mem.
bers is larger than that for both. It seems, then, that the two
members are not identical since they are not at all equal in
difficulty.

It remains to be seen w.hethee the same conclusions may be
drawn from the results of the B tests. This appears in Table
IV which is fur addition, the percentages being based on the
work of pupils in Grades 4 to S inclusive. 'Ilse table is of the
same character as Table ,1 I.

No discussion of Table IV seems neeeSSilry except to point
out that in only one case, that of 8 -I- 9 and 9 -I- 8 are the per-
centages more nearly equal for the two member:4 of a pair of
combinations than for one of the members and some other
combination. The table indicates that the members of pairs
of combinations are no more nearly equal in difficulty than
are other combinations when pupils are free to work out the
answers in any way they like, just as was the case when
automotivaion was tested.

ANALYSIS OF TEXTBOOKS

In the analysis of text,,books the question for which an
answer was sought was, "If a pupil should do all of the drill
work and solve all of the concrete probleths in the text how
many times would he think the answer to each of the combin-
ations?'' In order to be able to answer this question each
example and each problem was solved and the combinations
met in each one were litted.

The coefficients of correlation between tr difficulty of the
combinations as determined by the B test (combinations
presented in examples, with no time limit) and the frequency
of their appearance in the two text books were as follows:

A
Addition . . .532
Subtraction .329 .217
Multiplication .384 .465
Division .421 .538
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These coefficients are all negative and of material size. It
seems that the typical text book is not to be depended upon
to provide the most effective material for the mastery of the
number combinations.

In connection with Problem 2 the writer had the assistance
of Mr. Ivan Swancutt, principal of the City High School,
Wauwautosa, Wisconsin. The purpose in the preparation of
this material was to devise a means whereby the real character
of arithmetic text books might be determined and expressed
in comparable terms. A score card for judging the merits of
a text book was developed. The score on a general item is the
sum of the scores for the detailed items, which make up the
general item. A perfect score is 1000.

The analysis of the books as called for by the plan is rather
detailed but a committee of five teachers is able to analyze and
score one book in about two hours. Nine series of texts have
been analyzed. A comparison of the analyses is almost
startling. The score card and the figures giving these cont
parisons cannot be presented here because of limitation of
space.

The Diff iculty of Verbal Problems In Arithmetic
Problem was investigated by Dr. 14. 14. Ilydlc, now at the

University of Colorado, under the writer's supervision. The
general problem as stated above is "Elements of Difficulty in
the Interpretation of Concrete Problems in Arithmetic." The
following eight elements were studied :

1. The visualization of the objects mentioned in the prob.
lems and of the general objective setting of the problem.

0 The size of numbers presented in the problem,--without
reference to the accuracy or computation.

3. Unfamiliar terms, the understanding of which was not
essential to the interpretation of the problem.

4. Mind set or sequence of like problems.
5. Non -ease numerical terms.
6. Names of objects familiar to pupils but difficult to visual-
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ize as compared with names of objects less familiar to
pupils but mo difficult to visualize.

7, Problems prese ,.ed in the form of projects as compared
with problems presented in the formal arithmetical
manner.

8. The use of symbols instead of the names of conerete
objects.

It will be noticed that the eight theses have to do in large
part with visualization. In fact the general thesis might be
stated as follows."How visualization affects the interpreta-
tion* of concrete problems in airthmetie."

Ilyd investilat ion involved a total of 8000 pupils enrolled
in 46 different school systems in ten different states. Ills
general method was to prepare five problems, each of which
embodied the element that was supposed to be difficult and
then to prepare five other problems, each of which was exactly
like one in the first list except that it contained the element
of difficulty in a less degree. The pupils in each school were
divided into two groups of equal ability in arithmetic on the
basis of tests. One set of live problems was given to one of
these vroups and the companion set to the other. lydle's
tables .tzive the per cent of error made by each group on each
pa-r of problems. He prepared a different set of problems for
Grades I and 5 and for Grades 6, 7, and 8.

The following set of problems for Grades 6, 7, and S were
used in the study of the first thesis, that is "the visualization
of the objects mentioned in the problems and of the general
objective setting of the problem."

SET A
Chums 6, 7, AND S

1. A merchant bought SO rubber balls for his Christmas trade. Tie
put them in drawers, laving the same number in each drawer.
Ire sold all the balls in 2 of the drawers and gave 2 of the. remain-
ing balls to his own children. How many bulls had he let t?

2. Tin. American' Book Company shipped 450 books to Supt. Smith
in ls boxes, putting the same number in each box: hexes were
lost and 10 books %%PIT stolen out of another box. How many books
did Supt. Smith receive?
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3. The cafeteria uses 50 grape fruits each week day and 75 grape
fruits on Sunday. How many grape fruits will it use In 6 weeks?

4. Mr. Brown had 4S() sheep on his ranch. Ile decided to ship some
of them to Chicago. lie secured 11 empty cars and shipped 30
sheep in each ear. Then he bought 120 sheep from Mr. Jackson.
How many sheep had he then?

5. A man had $500 to invest in the tailor business. derided to
make 7 overcoats. lIe found that the cloth in each overcoat cost
$10, labor $5, lining and buttons $3. After paying the cost of
7 overcoats, how much money had he left?

SET 13
GRADES 6, 7, AND 8

1. A dealer bought SO tons of hay. lie' placed an equal amount of hay
in each of his 4 storerooms. At the end of the month he had sold
all the hay in 2 of the storerooms and had used tons for the feed-
ing of his own horses. How many tons of hay had-he left?

2. Mr. Johnson shipped 450 quarts of cream in is cream cans, puttim;
the same amount of cream in each ciiii; 3 cans were lost and 10
quarts were stolen from another car. How many quarts of
cream arrived safely?

a A cafeteria uses 50 pounds of meat each week day and 75 pounds
Sunday. How many pounds of meat will it use in (1 weeks.

4. Mr. Drown started to drive from his home to Madison. Wisconsin,
a distance of 450 miles. The first day he drove 11 hours at a rate
of 30 unies per hour. That evening he net his friend. Mr. Jaekson,
whose home was located 120 miles on the other side of 31adison.
The next day he drove to Mr. Jackson's home. how many miles
Must he drive the next clay?

5. A student had $500 in the liank. Tie paid $11) per week for board,
$5 per week for moo nand $3 for laundry and amusements. now
much money had he left after 7 weeks?

In the above problems the objects that art' supposed to differ
in the ease with which they may be visualized are as follo*i.s,
Set. A including objects that are relatively easy to visuali7.e
while those in Set 11 are difficult to visualize.

Set Set 11
1. "rubber balls" "tons of hay"

-books" and -boxes "quarts of cream" in bulk
3. "grape fruit" "pomuls of meat"
4. "sheep" and "cars" "unties" and "hour"
5. "cloth. labor, lining and but- "board. room, laundry. amuse-

tons" combined to make an ments" combined to represent
"overcoat" total expenditure for one "week"

The results for these five problems are given in Table V
below.
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SUMMARY OF RESTILTS FOR PIRST TEST OR FORSt 4
GRADES 6, 7, AND 8

Grade 0 Grade 7 Grade 8 Grades 6. 7, and 9

Number of Pupils Number of Pupils Number of Pupils Number of Pupils
Group A. Group B. Group A. Group B. Group A. Group B. Group A. Group B.

701 689 789 872 650' 636 2140 2197
Per cent Wrong Per cent Wrong Per cent Wrong Per cent Wrong

Problem Group A. Group 11. Group A. Group B. Group A. Group B. Group A. Group B.

1.
2.
3.
4.
5.

49.8
65.5
73.6
47.8
54.2

59.2
78.8
72.0
83.8
60.4

70.8

32.6
50.8
52.0
32.2
35.2

46.0
62.6
60.1
71.9
43.8

16.6
35.5
39.4
18.0
21.2

24.7
45.3
41.5
60.5
22.8

33.4
50.9
55.2
33.0
37.2

44.4
62.7
58.4
72.3
42.5

An
Prolgsms 58.2 40.6 56.9 26.1 39.0 41.9 56.1

It will be noticed in the above table that there is only one
exception to the general trend of the results. This is in the
case of Problem 3 for Grade 6. Ilydle explains this discrep-
ancy with the suggestion that the younger pupils in the smaller
classes were perhaps unfamiliar with grape fruit. The
differences in the percentages for the pairs of problems as
given in the table are many times larger than the probable
error of the differences according to Ilydle.

It is imposible to present more of Ilydle's results in this
connection, but as stated above the study will appear in the
near future as a Bulletin of the Bureau of Educational Re-
search of the University of Wisconsin.

This study by Ilydle, which constitutes his Doctor's thesis,
is, in the judgment of the writer, a real contribution to the
psychology of arithmetic. Ills findings in connection with
practically all of his eight theses are consistent in the different
grades and for all of the problems and in most cases the
differences in the percentages are material.
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-The-fifth problem, "The knowledge which Pupils in the
Different Grades have of the Fundamental Principles in
Arithmetic", is an attempt to ascertain, not whet kind or how
difficult problems pupils can solve, but rather to what extent
they appear to understand the basic character of the different
phases of the subject.

The.study will be state wide and is to be carried on through
the Elemental. Principals' Section of the State Teachers
Association.. It begun during January of the present
year.

This problem may be illustrated by reference to a study
conducted by Superintendent II. W. Kircher .of the Public
Schools, Sheboygan, Wis. Superintendent Kircher gave the
following test to 132 pupilu who were finishing the work of
the eighth grade.

TEST
1. One cent is what per cent of one dollar? .....
2. Find onehalf per cent of two dollars.. . .

3. Change 1/2% to a common fraction.
4. Five cents is five per cent of what? .... ....

5. Change 775 to per cent. .

C. One cent is what per cent of two dollars? ..
7. 75% of a number? is 0, what is the number?
8. 110% of a number is 220, what is the number?
9. 5 1i2% of a number is 44, what is the number?

10, A man lost 15% of his money and saved the remainder. What per
cent of his money (lid 1w save?

The following table gives the percentage of pupils missing
each of the problems.

Problem
1.

Pet. of Pupils
Mimeing Problem

Pet. of Pupils
MI: Lying

77
2. 85 7.
3. 8, 71
4. 56 9 KU

5. 71 10. 26

The character of the wrong answers is indicated in Table
VI below. The lack of space prevents the publication of more
than sample results. For this purpose the responses on
exercises 1, 2 and 3 have been chosen.
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TABLE VI.

KINDS OF WRONG ANSWERS FOR EACH PRODLEU WITH
NUMBER OF TIMES ANSWER OCCURRED

(N. A. means no answer)

Problems:

1 2 3

1/100% :34 $1.00 :00 ui :49
.01 21 100% 22 1/5 14

100% 10 50% 6 n. a. 12
09% 6 n. a. 6 .005 9

n. a. 3 1/100 4 .50 9
1/10/0 2 1% 3 50 9
$100 1 $ .40 3 50% (3

1/99% 1 $ .10 2 .0S 3
$ .10 1 25% 2 1/100 2

.25 .1 35% 1

.001 1 2% 1
400, 1 1/1000 1

1.90 1 100% 1
1/4% 1 .0(12 1
40% 1 1.40 1
2% 1 2.40 1

.02% 1 5 1
$ .50 1 40 1

.005% 1

.055 1

An analysis of the wrong answers given reveals in many
cases the confusion existing in the minds of the pupils. For
example. the :1.1 pupils who gave "17100%" as the answer for
problem I obviously thought 1/100r, was the same as 1/100
and those that gave .01" must have thought that .01 was the
same as .0I(;. They seem not to understand the fundamental
character of percentage.

The prupdsed studs Will include not only a study of per-
centage as alsAe. but also a study of fractions, decimals,

t
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measurements, ratio, and the fundamental processes. An
analysis of the work of !wpils will be undertaken as well as
a measurement of their accomplishment as illustrated in the
stay of Superintendent Kircher.



MATHEMATICS AND THE PUBLIC

BY H. E. SLAUGHT

It is safe to say that to the average man in the street
mathematics means, for the most part, only a certain amount
of arithmetic used in keeping his accounts, and a vague
recollection of some things in algebra, geometry and possibly
calculus which he may have studied in his school days. The
public as a whole is quite oblivious to any great service which
mathematical science has rendered to present-day civilization.
There is nothing spectacular in the behavior of mathematics as
is often the case with a physical or biological science; A new
chemical combination producing a powerful explosive like
TNT or a discovery in the biological field like insulin will be
heralded the world around, while the most profound researches
in mathematics which may underlie far-reaching developments
in the practical affairs of life will be entirely unnoticed or will
be accepted in the same commonplace way in which life-giving
air is breathed.

However, in a span of twenty-five years it is possible to
detect gradual changes in public appreciation of common
blessings, and in the period 1900.1025 a great many things
have happened with respect to mathematics in this country
which indicate a steadily growing appreciation of its worth
and power on the part both of its devotees and of the public
in general.

In the secondary field the teachers themselves have experi-
enced a remarkable awakening which began about 1904 with
the organization of strong and active associations in New
England, in the Middle Eastern states, and in the Central
Western states, and which has continued unabated throughout
the quarter century. This widespread movement reflects the
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abiding. confidence of the teachers in the worth and importance
of their subject as well as their frank and honest recognition
of its short-comings and their consequent determination to
overcome whatever faults lay at their own door.

This merciless selfinspec tion culminated in the work of
the National Committee on Mathematical Requirements which
commanded the cooperation of thousuuds of teachers in all
parts of the country banded together in more than one hundred
mathematical organizations. Never' was an investigation in
this field better organized, more adequately financed and more
painstaking in the effoR to impartially weigh all phases of the
questions involved. Probably no report of this kind ever
received more open-minded consideratibn of its various
recommendations by so large a proportion of the constituency.
The immediate result of this close cooperation on the part of
the great body of teachers.of secondary mathematics naturally
led to the federation of the various associations in the National
Council of Teachers of Mathematics with the Mathematics
Teacher as its official organ, and to this body is naturally
committed the 'perpetuation of the work so ably inaugurated
by the National Committee.

In the collegiate field the most notable event of the quarter
century was the organization in 1916 of the Mathematical
Association of America, a body whbsc membership now num-
bers over eighteen hundred. While this Association, whose
official organ is the American Mathematical Monthly, is
primarily concerned with the development and teaching of
collegiate mathematics and with the stimulation of the
beginnings of research, nevertheless it also recognize's the
necessity of close cooperation with all efforts for improvement
in the secondary field. hence it was this Association which
sponsored the National Committee and appointed the original
nucleus of its membership with power to enlarge its number
by inviting representatives from the various secondary
organizations.

Hut this Association is now engaged in a still more direct
effort to share with the public the fruits of mathematical dis-
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coveries. Through funds generously provided by Mrs. Mary
liege ler Carus, the Association is preparing and publishing a
series of monographs in which the expositions of various
mathematical subjects are to be set forth in a manner compre
hensive to a wide circle of thoughtful readers who, having a

moderate acquaintance with elementary mathematics, wish
to extend their knowledge without prolonged and critical study
of the technical journals and treatises. The first of these
monographs on the Calculus of Variations has already beer
published and the second on Functions of a Complex Variable
is now in press. The third on Statistics is in preparation and
well under way. It is expected that this series of monographs
will continue indefinitely and it is ardently hoped that they
will be the means of interpreting more and more of the wonders
of mathematical science to a constantly enlarging body of
the general public.

In the university field the outstanding feature of the quarter
century just closed is the development of an American School

of mathematical research fostered largely through the
American Mathematical Society and contributed to chiefly by

a few outstanding universities the number of which is grad.
ually increasing. The output of American mathematical
research is conveyed to the scientific public through the
medium of four research journals, namely, the Bulletin and
and the Transactions of the American Mathematical Society,
the American Journal of Mathematics and the Annals of
Mathematics. Research mathematical activities are further
cared for through a division of the National Research Council
and the National Academy of Sciences. This quarter century
has thus seen America taking its place among the leading
nations of the world in mathematical research.

In the foregoing, it must be admitted that the "public"
referred to is very largely the mathematical public. The
question still remains as to whether mathematics has ever
"gotten across" to any appreciable extent to the public in
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general. In what follows a few instances will be given which
indicate some progress in this direction.

(1) When it vas decided that we must enter the World
War, it was natural that mathematicians, along with other
loyal citizens, should volunteer to assist in their special
capacity, but they were told by the Secretary of War that there
seemed to be nothing needed in their line. It was not long,
however, before the aovernment found that It did need the
mathematicians, in fact, that it could not "carry on" without
them in so important a matter as the effective development of
the ordnance department. In a short time a corps of workers
wa a organized under the leadership of a number of outstanding
mathematicians and they speedily applied modern and power-
ful mathematical methods, both theoretical and practical, to
those problems of ballistics which needed to be solved in order
to properly equip our army. So effective had this service
become at the time of the armistice, that the American forces
were undoubtedly supplied with the best data of any of the
armies for determining the effectiveness of gun fire. Other
groups of mathematicians rendered similar effective service
in developing submarine detection appliances. These two
achievements were of vital importance in determining the
outcome of the war and they revealed the power of mathematics
in a most emphatic manner to the unsuspecting public.

(2) It came as a revelation to thousands of young men,
many of whom had deliberately side-stepped all mathematical
courses which they could possibly avoid in their school days,
to find that those very courses were prerequisite to appoint-
ment or advancement as officers in either the army or the navy.
It was a common experience to hear such men begging for the
opportunity to enter classes in mathematics which they had
previously ignoredand bragged about it too. The war
served to elevate mathematics to a position of prominence not
previously recognized by the casual public. This fact undoubt-
edly helped to swell the courses in mathematics in the colleges
in the immediately succeeding years.
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(3) But we are more interested in the arts and sciences of
peace than in those of war. The example of the late Charles
P. Steinmetz, whose name was a household word wherever the
mysteries of electricity were under consideration, was probably
more effective than any other means in driving home to the
man in the street the fact that mathematics underlies all
present day mechanical and physical progress. Thousands of
boys and young men to whom the name of Steinmetz was
magic have found early in their efforts to become electricians
that one could climb a pole and splice a wire without knowing
any mathematics, but that any masterful knowledge of
electrical science could be gained only by the road that Stein-
metz traveled, namely, by hard study of higher and higher
mathematics. It is well known that his development of the
mathematics of the alternating current, involving as it did
those phases of higher mathematics which no one could have
surmised in advance would be involved, did more than all
other causes combined to lay the foundation upon which the
great structure of the General Electric Company was built.

(4) It is well understood that the Rockefeller Foundation
is now devoting its efforts chiefly toward the promotion of
public health throughout the world. To this end it has not
only made large grants to medical schools but it has indirectly
stimulated independent work in the medical field by providing
liberal research fellowships in the underlying sciences, physics
and chemistry,in chemistry as fundamental to medical
research, and in physics as fundamental to chemistry. But
it is not so widely known that the Foundation has recently
extended the range of these fellowships to include mathematics
as fundamental to both physics and chemistry. This step was
taken deliberately after most (ireful consideration of the
claims of mathematics as the basic science in this field.

This claim would hardly be questioned by the physical
scientists themselves and would readily be admitted by the
public. For example, it is said of the late Professor Chandler,
dean of the Columbia School of Mines, when in the early days
he wanted more mathematics put into the curriculum for
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chemists and was opposed by the head of the department of
mathematics, that he came into the faculty meeting with an
armful of books and said : "These gentlemen, are important
articles on chemistry which I cannot read because I do not
know mathematics enough. We do not want our students to
be in my predicament."

But the public would lie staggered if such a claim were made
for any of the biological sciences. And yet the writer knows
a physician who is a diagnostic and research specialist of high
standing, wile besides his medical degree holds a Ph.D. in
physiology from Barvard University, and who is now pursuing
courses in advanced mathematics because he is unable to con-
tinue his researches successfully without more power in this
line.

A few years ago the Mathematical Association of America
invited several specialists in other sciences to take nart in a
symposium on "Mathematics in Relation to Um Allied
Sciences," and we were no little surprised to learn from
biologists and biometoricians the wide range of mathematical
subjects used by them in their research work. For instance,
Dr. II B. Williams of the College of Physicians and Surgeons,
said in substance: "The biological sciences in the main rest
entirely upon the fundamental sciences of physics and chem-
istry with all the mathematical foundation which these sciences
presuppose." lie cited his own investigations on "nerve
impulse" and those by Einthoven of Leyden on "heart action"
which were possible only because of their being well trained
in methods of mathematical investigation.

One could proceed indefinitely citing evidence of a conscious
ness on the part of the public gradually awakening to the fact
that mathematics is a marvelous and powerful instrument in
the hands of trained thinkers for accomplishing great results.
One further illustration, more or less amusing, was observed
in the attempts of the newspaper reporters and popular
magazine writers to describe "in a few words" the Einstein
theory of relativity, but who invariably took refuge in the
excuse that it all rested on mathematics of a "higher" type
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than the readers could be expected to understand, and thus
they were duly overcome with awesome respect both for
relativity and for the underlying mathematics.

Finally, one other serious illustration of far.reaching signif
eance should be mentioned. The great industries and large
business corporations coming to realize the importance of
fostering research in connection with their special problems,
and very many of them have established laboratories as
regular departments of their activities. In numerous cases
such organizations have found that mathematics, research,
usually of quite an elementary character but often far more
intricate and technical than could have been predicted, has led
to higher degrees of efficiency, to new phases of economy, and
sometimes to complete reorganization of procedure. Manz,
such corporations have become institutional members of the
American Mathematical Society during the past two years,
with the privilege of nominating to individual membership
those representatives of their organizations who are interested
and active in mathematics. This movement is bound to grow
and to exert a continually widening influence in making mathe-
matics known to and appreciated by the public.

One of the most significant evidences that the importance
of mathematics is permeating the whole fabric of modern life
is shown in the recent unparalleled development of the use
of statistical methods in th?. study of quantitative relations
in almost every department of investigation. This appears in
the simplest form in all the proposed new curricula for the
junior high schools. It is emphasized in the reorganized pro-
grams for the senior high schools. It is further developed in
the enriched courses for college students not only in all the
sciences but also in economics, sociology, anthropology, etc.,
and in most of the effective studies in education. It is in-
dispensable in all laboratories everywhere, whether in the
schools or in the factories, in commerce, in big business of
every kind. In all such studies, if carried out to their fullest
extent, it appears that the mathematics involved, while
initially of the simplest nature, eventually becomes more and
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more technical and requires the most careful reasoning in
order to insure correct and dependable conclusions. These
are phases of mathematics which are gradually growing into
the consciousness of the general public and which are capable
of recognition and widespread understanding.



RECREATIONAL VALUES ACHIEVED
THROUGH MATHEMATICS CLUBS

IN SECONDARY SCHOOLS
BY MARIE MALE AND OTHERS

I. Ituroduction. The last twenty -five years have caused a
new emphasis to be placed on recreational values. The rapidly
changing conditions in industry and in economic life have
forced us to give serious consideration to the worthy use of
leisure. In Cardinal Principals of Secondary Education the
proper use of leisure time is listed as one of the seven objec-
tives. How can Anathematics do its part in achieving desirable
recreational outcomes? In passing, we may note that a good
beginning has been made by a brilliant writer for the supple.
ments of some of the Sunday papers. He is making a fortune
syndicating our old friends, the puzzle problems of algebra.
Recently he occupied a full page in scores of papers with simul-
taneous linear equations in three unknowns. Can we doubt
any longer that there is human interest in these problems?
But in this discussion we ask what are our mathematics teach-
ers doing to realize recreational values?

Ever since pedagogy has modified belief in formal discipline
and drudgery by an emphasis upon interest and appreciation,
teachers of mathematics in secondary schools have tried to
present the subject to pupils in more attractive forms. In the
class room real problems have been urged. The dramatic ele-
mnnt has been brought in wherever possible, especially in lower
grades ; e. g., in having grocery stores and banks. The kinder-
garten principle of learning through play has immune more
universal by extending the recreational phase of mathematics.

The use of mathematical recreations as a devise is not a
new idea. Puzzles and catch questions were in the old arith.
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metics. The human mind has always found pleasure In
puzzles, tricks, and curiosities of all sorts. This tendency is
in every person, young and old, of every race and of every time.

Cantor attributes the first mathematical puzzle to Ahmes,
2000 B.C. The problem of the fox, the goose, and the sack
of corn was known to Alcuin in the time of Charlemagne. The
hare and hound problem appears in Italian arithmetics of
1460. Magic squares were known to the Arabs and Hindus.
There is a record of one in a Chinese book of the date of 1125.

Ball's Mathematical Recreations, White's Scrap Book, and
Jones' Mathematical Wrinkles are based on German, French,
and English publications of 1507, 1612, and 1694. We see,
therefore, that mathematical recreations are almost as old as
mathematics itself. They have always been a source of pleas-
ure and profit to both pupil and master. In the light of
history we cannot regard these phases of mathematics as too
trivial for pupils of today.

II. Development in Secondary Schools. One of the first
mathematical clubs in secondary schools s organized nearly
twenty-five years ago in the Shattuck School, a private school
for boys at Fairbault, Minnesota. In an article in School
Science and Mathematics, Mr. C. W. Newhall describes the
organization. Fifteen boys from the senior class were the
instigators. The club held evening meetings every two weeks.

Before 1912, the mathematics classes of Horace Mann School
were organized into clubs, whose meetings were held during
certain recitation periods.

In 1913 Miss Marie Gugle, then a teacher at Scott High
School, Toledo, Ohio, organized a Euclidean Club among the
boys of grades ten to twelve, whose ratings in mathematics
were excellent or good. This club still exists as an active or-
ganization. Its meetings were held in the evenings. Its
programs usually had three features: a biographical sketch of
some great mathematician and a story of his contributions; a
mathematical game, trick, fallacy, or undue solution; and an
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account of some scientific discovery or invention related to
mathematics.

In 1014, groups of interested pupils in Hyde Park, Wendel
Phillip's and Bowen High Schools of Chicago began giving
time after school to informal discussions and to the investiga-
tion of suggested problems.

By 1010, clubs were rather widely scattered. In Marion,
Ohio, one was organized to answer the question, "What shall
be done for the bright pupil ?" Miss Irene Brown tells of a
club in a Girls' School in England, in order that for them the
bypaths of mathematics might be illuminated. In this same
year, the first club in Columbus, Ohio, was organized in
Roosevelt Junior High School. It took the same name and pin
as had been adopted by the club in Toledo. Very soon this
club had to have three chapters, Alpha, Beta, and Gamma
chapters for the ninth, eighth, and seventh grades respectively.
Practically all of the twelve junior high schools in Columbus
have one or more mathematics clubs. Three of the five senior
high schools have such organ:zations.

III. Objectives and Results. The purposes of a mathematics
club are "to illuminate the bypaths of mathematics"; to study
certain interesting matters connected with mathematics which
do not find a place in the usual class room; to promote interest
in the study of mathematics; to give the pupils glimpses of the
future and incentives to further study; to develop an apprecia-
tion for the truth and beauty in mathematics and our depen-
dence upon it in practical life; and to furnish an outlet for
pupils' social instincts.

It is the consensus of opinion of those teachers who have
directed mathematics clubs that the foregoing objectives are
readily realized and that the transfer of interest and initiative
that carries over into the classroom more than repays for their
time and effort.

IV. Organization and Membership. There are various
types of organization. Some clubs include the entire class or
several combined in their membership. Others are limited.
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either to those whose ratings in scholarship are superior or to
the pupils' classification or grade in school, as eighth grade
or tenth grade club.

Some clubs meet during school hours, either in a club
activity period or in the regular recitation hour. Others meetafter school or in the evenings. The frequency of meeting.
varies from once a week to once a mouth.

The names given to clubs are of different types:
A. Greek letters ; as Mu Alpha Theta
B. MatilellItIticift IIN : as, Pythagorean. Euclidean, ArehimedianClubs. Some have been named for teachers in their schools.C. Mathematical Figures; us, Magic Circle, Triangle, Octagon,Hypoeyelold Clubs.

Usually mathematics clubs adopt their embli.ms, as in pins,
banners, and colors. For pins the following devices have been
used; the pentagram, the old mathematical instrument known
as a quadrInt, a combination in a triangle of an overlapping
semicircukir protractor, compass, and pentagram, and a circlewith a hypocycloid.

V. Program Material. Once a teacher of Latin who had
a thriving Latin Club, asked how one could find enough
material to keep up interest in a mathematics club. She litheknew that the supply is inexhaustible and that the only
difficulties are those of selection and adjustment to suit the
ages and educational advancement of the members.

Some of the same topics may be used for seventh or ninthgrade clubs, but the assignments must be different. For ex-ample, in a seventh grade club a program on magic squares
should include only those with three, five, or seven on a side.
Papers should be provided and members should make their
own under the direction of the speaker. The same topic ona ninth grade program should include a sketch of their historyand the making of magic squares with both odd and evennumber of squares on a side, and magic circles.

The following programs adapted to junior high school gradesmay be suggestive:
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A. For Seventh Grade Club
1. (a) Nine, a Magic Number

White Scrap Book, page 23.
(b) What a Billion Menus

White: Scrap Book, pages 0 and 10.
(e) Who was Tholes?

2. (a) Archimedes, the Mathematician, and some of his Inventions
(h) Mysterious Addition

Jones: Mathematical Wrinkles, page 103.
0) Number Tricks

Material supplied from Popular Seleuce Monthly or other
magazines by pupils.

8, (a) Arithmetic Tricks
(b) Multiplication

Select one digit out of 12343079 and multiply by 9 times
the digit. Result is row of same digits. See Jones'
Mathematical Wrinkles, page 79.

(c) Paradox party
Dudeuey, Amusements in Mathematics, page 137.

B. For Eighth Grade Club
1. Hallowe'en Program

(a) Club Songs
(b) Apparition of Two Ghosts. Descartes and Pythagoras

The ghosts meet and exchange stories of what each did
while on earth,

(c) Clever Question Contest
Leaders choose sides. Questions for contest are selected
from Jones' Mathematical 1Vrinkles.

2. (a) Reading: Number Stories of Long Ago
Itenti parts of Chapter one. if too long, certain parts
may he told in nbridgeti form

(h) Remarkable Numbers
'Teachers College Record, November. 1912. or Smith. Num-
ber stories of Long Ago. pages 103-107.

(c) A Number Trick
Selected from Mathematical Wrinkles or Ball's Mathe-
Ilative! Recreations.

3. (a) How our Hindu-Arable Numerals Grew
M:th: Number Stories of Lung Ago, pages 13-43. (Make
charts of illustrations.)

(b) Where till the signs, -I-. X, ÷, and = come from?
Ball: History of Mathematies.

C. For Ninth Grade Club
1. (a) Picture of World without any Mathematics

(b) The Part Mathematics Plays in Our Everyday Lives
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(e) Ilney: Prove that you Are as old as MethuselahJutitix: Mathematical Wrinkle'.

2. (a) Fallacy: Prove that I equals 2(It) How the Algebraic Symbols Grew(e) Taupe ins
Ihnieney: Amusements in Mathematics, page 43. Ma-monism origluttis.

3. (a) Brief Iliscssion about Napier and big Rods(b) Mort Talk on the :DINE Rule
(e) Divide the club luta three groups, 'aril with a leader whoIx expert In the game for his group. After his instruction,the members of the group yaw a mutest to ace who canplay the game most skillfully. The three games are withNapier's Rods, the slide rule, and the circular slide rule.Kometlutes very simple prizes are offered in the cariouscontests.

For additional topics for program material, see the followingreferences:

Minerva Guidon et al., Mathematics Club Programs, MathematicsTeacher. October 1924.
Marie Guide. Modem Junior Mathematics, Rook Two, aNiendlx. GreggPublishing Vompany.
Zulu Itted, High School Mathematics Clubs, Mathematics Teacher,th tuber 1025.

VI. Minimum Reference Library for Clubs. For a newlyorganized club. the following list of books would form aautIsfuctory minimum reference library for junior and seniorhigh schools. It might be a nucleus for a more extensive oneto be built up gradually.
1. Ball: Primer of the history of Mathematics, Macmillan %.:o. 00c.2. Jones: lintheniatleal Wrinkles, Revised, Life and Casualty aldg.,Nashville. 'relit). $2.10.
3. giolth: Number Stories of Long Ago. Gino and Co.4. White: Neraphook of Elementary Mathematics. Open Court Pub!billing Co, $1.00.
5. Portraits of klothemutleloos. Open Court Publishing Co.VII. Plays for Mathematics Clubs. In the Mathematics
Teacher of October, 1924, Miss Alma E. Crawford has a veryattractive little play entitled "A Little Journey to the Land ofMathematics."

A number of Columbus teachers have found that, with somesuggestions, groups of pupils are capable of writing very in-teresting and instructive plays and pageants.
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VIII, Bibliographiea. Additional reference books and
magazine articles may be selected from the following biblio-

graphies. These references cover the organization of clubs,
history of mathematics, and mathematical recreations includ-
ing games, tricks, and plays.
1. angle, Modern Junior Mathematics, Book Two.

2, Gugte, et al., Mathematics Club Programs, Mathematics Teacher,
October 1024.

8. Nattonal committee Report, pages 025.027. List of magazine
articles only.

4. Item!, Iligh School Mathematics Club, Mathematics Teacher,
October 1025. List of books and magazines.

5. Smith. et al., List of mathematics hooka, annotated, Teachers Col.
he Record, April 1024. List of books only.

Teachers who are directing clubs in secondary schools will

find, in addition to the foregoing books, a continuous supply

of program material in the two magazines for mathematics

teachers
1. The Matheattes Teacher, the official publication of the National

Council of Teachers of Mathematics. Membership in the Council,
including the subscription to the magazine, is two dollars (62.00)
a year. Editor, J. It. Clark, Teachers College, New York.

2. Schou/ Science and Mathematics, the official organ of the Central
Association of Science and Mathematics Teachers. Membership
and subscription to the magazine is two and a half dollars a year
($2.50). Editors, Smith and Turton, 2055 East 72nd Place, Chicago,

Illinois.
Valeria Bostwick, Eleventh Avenue Jr. High School
C. B. Mnrqunnd. Indianola Jr. High School
Helen Mnrquand, Vice Principal of Mound St. Jr. High

School
Amy F. Preston, Itoosereit Jr. High School
Marie Guile, Chairman. Assistant Superintendent of

Schools. Columbus, Ohio.



MATHEMATICS BOOKS PUBLISHED IN
RECENT YEARS FOR OUR SCHOOLS

AND FOR OUR TEACHERS

BY EDWIN W. SCHREIBER

Note: The compiler of this bibliography thought it well

that the publishers should have first say in the matter of
presenting their books. He therefore sent a letter to fort:
publishing houses asking them for certain information about

mathematics books published since 1020, for secondary schools.

Many of the firms responded very graciously and to them
gratitude is hereby expressed. Others failed to reply and so

if there are valuable omissions we are sorry. Some of the
noticeable gaps were filled in by the compiler through the

excellent facilities afforded by the John Crerar Library of

Chicago. It was our aim to list only those books which have

been published since 1920. An attempt has been made to
answer the following questions concerning each publication :

(1). What is the exact title of the book? (2) Who is the
author and where does he teach? (3) How many pages in
the book and how large is it? (4) When was it published?

(5) What is the price? (6) Who publishes the book?

JUNIOR HIGH SCHOOL MATHEMATICS

1. SONSER, PICRELL, SlitTri. Practical Mathematic* for Junior High
.Schools, by Frederick G. Bonser, Prof. of Ed., Columbia U., Frank
G. Pie -ell, Supt. of Schools, Montelair, N. J., and James H. Smith,
Supt. of Schools, West Aurora, Ill., Book I, 246p, 1924, 88e.

2. Book IL 278p, 1924, 88c.
8. Book III, 294p, 1924, 88e.
4. ME/MICH. Junior Afathematira, by Ernest R. 73reslich, Head of

Math. Dept., University High School, Chicago. Book I, 2114p,

1925, Mc. Macmillan Co.
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5. Dnutqumr.r., WITHERS. Junior High Sehool MUthetiMilleal flmaentiula,by J. Andrew ushel, Dept. of Math., New York Univ.. andJohn W. Withers. Dean of the School of Ed., New York Univ.7th Yr., 100p. 1924, 8Sc.
0. Rth Yr., 237p, 192, DOe. Lyons and Carnahan.7. CONNELLY, Here. 7th Year Mathematic& by Joseph F. Connelly,Dist. Supt. in charge of Junior High Schools, Chieago. and IA.Grace Huff. Inst. of Math., Lane Teehitleal High School, Chicago.230p, 1025, DOe. Charles E. Merrill Co.8. Otoi.e. Modern Junior Mathematic* (New Ed.), by Marie Gttgle,Ass't Supt. of Schools, Columbus, Ohio. Book I, 310p, 1924, 80e.0. Book II, 239p, '1024, DOe.

10. Book 1II, 298p, 1924, $1.10, The Gregg Publishing Co.11. HAwr. Junior High School Mothematic.v, by Walter W. Hart,Asset Prof of Math., Univ. of WIN. Book I, 220p, 1021, 80e.12. Book II, 250p. 1022, 88c.
13. Book III. 340p, 1923, $1.28. Houghton Mitilln Co.14. Settottutia, CLARK. Modern dluthematicm, by Italeigh Sehorling,Head of Math. Dept.. Univ. High Sehool, Vide. of Mich andJohn It. Clark, Lincoln School of Teachers College, ColumbiaUniv. 7th Yr., 250p, 1924, 88e.
15. Rth Y r., 254p, 1924, 88e.
10. Mod,. la Algebra, 0th Yr., 3R2p, 1024, $1.80. World Book Co.17. SenoatuNo, CLARK, LINDELL. Inetructional Telt. in Algebra, byRaleigh Sehorling, John R. Clark. and Selma Modell. The Univ.High School, Ann Arbor. Mich., 72p, 1925, 30e. George Wahr,Publisher, Ann Arbor. Mich.
18. Tuonxtorte. Thornlike Junior High School Mathematics, by E.L. Thormlike, Prof. of Ed., Teachers College, Columbia Univ.Book I, 190p, 1025, 80e.
10. Book II. 190p. 1025, 80e. Band, McNally and Co.20. Vosnunon, GENTLEMAN, HASSLER. Jun iqr High School Mathematics,Reebted, by Wm. L. Vosburgh, Mend of Math. Dept.. BostonNormal School. the lute Frederick W. Gentleman. I'ept. of Math..Mt ch. Arts High School. Boston, and J. 0. Hassler, Prof. ofMoth., Univ. of Oklahoma, 1st Course, 228p, 1924, 88e.21. 2nd Course, 251p, 1924, $1.00. Macmillan Co.22. AVENTwoRTH, SMITH, BROWN. Junior High School Mathematics,Ike. Rd.. by George Wentworth, late author of n series of Moth.Texts. David Eugene Smith. Prof. of Math., Teachers College.Columbia Univ., and J. C. Brown, Pres. State Teachers College,St. Cloud, Minn. Book I, 200p, 1925, 02e.

23. Book II. 282p, 1925, $1.00. Ginn and Co.

ARITHMETIC
24. BROWN, Etamenor. The BrownEldredge Arithmetic& by J. C.Brown. Pres. Teachers' College, St, Cloud, Mum., and A. C.Eldredge, Ass't Supt. el: Schools, Cleveland, Ohio. Book III,302p, 1025, 88e. Row, Peterson and Co.
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26. ClIAnEMY, SMITH. Effie (miry Advanced Arithmetic, by Charles F.
Chadsey, formerly Supt. of Schools, Detro lt, Mich., Dean, Col.

of Ed., U. of Ill., anti James H. Smith, Prof. of Math., State
Normal School, Whitewater, 340p, 1920, 02c. Mentzer,

Bush and Co.
20. GANNoN, JACKSON. Drill Exercises and Problems in Arithmetic,

by John F. Gannon. Supt. of Schools, Pittsfield, Mass., and
Joseph Jackson, former Prin. II:gh School of Commerce.
Worcester, Mass. Book II. 190p, 192A, 08c. D. C. Heath and Co.

27. Hot, Pm. Everyday Arithmetic, Advanced book by Franklin S.
Hoyt, formerly Ass't Supt. of Schools. Indianapolis, Ind.. and
Harriet E. Peet. Inst. in Methods of Teaching Arith., state
Normal School, Salem. Mass. 320p, 1920, tiSe. Houghton 11 1ttlin

Company.
28. Mum, ELWELL. Tovrox. Business Arithmetie, by George W. Miner,

formerly head of Com. Dept.. High School. West lteld, Mass.,
Fayette II. Elwell, C. P. A., Prof. of Accounting, Univ. of IVis.,

and Frank C. Touton. Prof. of Ed., Univ. of Southern California.
410p, 1923, $1.48. Ginn and Co.

29. MINER, ELWELL. TOUToN. Essentials of Business Arithmetic, 230p,

1024, $1.20. Gina and Co.
30. NEELY, KILLINS. Modern Applied Arithmetic, by R. IL Neely,

Supervisor of Part Time &toots. Peoria. III., and James MMus.

Director of Vocational Ed., Johnstown, Pa. 150p, 1921, $1.00.

Blakistou.
31. SellORLINO, CLARK. Prarifee E.rertiae4 for Accuracy and Speed

7'imed Instructional Tests for Seventh and Eighth Oradea.

04p, 1922. 15c. Gazette Press, Yonkers, New York.

32. STONE, Stone's Advanced Arithmetic. by John C. Stone. Head of
Math. Dept., State Normal School, Montclair, N. J. :120p, 1911

80e. B. H. Sanborn and Co.
83. VAN TL ?YL. New Essentiais of Maine** Arithmetie,

Van Toy!, Evander Childs High School. New York
Bus. Math., New York Univ. and Columbia. 300p,

lean Book Co.
84. Vas Tull- New Complete Business Arithmetic.

American Book Co.
35. WATSoN. SiMplified Arithmetic, by Bruce M. Watson. Secretary

Public, Ed. Ass'n, Philadelphia, Pa. 'Zth Grade, 104p, 1921, G0c.

30. 8th Grade, 182p, 1924. 72c.
37. Upper Grades, 320p, 1924, 72e. I). C. Heath and Co.

3S. WEEKs. Boy's Own Arithmetic, by Raymond Iveeks. Prof. at
Columbia Univ. 188p, 1924, $2.00. E. P. Dutton nod Co.

by George
City. Inst. in
1924, Amer-

440p, 1921.

GENERAL MATHEMATICS

89. HAtatmos, BUCHANAN. EICIIInitA of nigh .Soh. of .Urthemattra, by

John B. nonagon. Univ. of Tenn.. and Herbert Ii. Buchanan.
Tu lane Univ. 297p, 1921, $1.20. Scott Foresman and Co.

40. HoWARn. Introductory Course in General Mathematics, by II. E.
Howard. Book I, 130p, 1925, 45e.
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41, Book II, 144p, 1925, Me. Oxford Univ. Press,41., REEVE. General Mathematics, Book II, by Wm. D. Reeve, As-soviate Prof. of Math., Teaehers College, Columbia Univ. 440p,1022, $1.90. Ginn and Co.
43, SCUMMING, CLARE, Rt Go. Modern Mathematics, Briefer Course, byRaleigh Shorling, Jt hn It. Clark, and Harold 0. Rugg, LincolnSchool o! Teachers College. 454, 1024, VAN, World Book Co.44. SMITH, FOBERO, BEM. General High School Mathematics, Book I,by David Eugene Smith, John A. l,'oberg, Director of Math., Dept.of Public Inst., Pa., and Wm. D. Reeve. 472p, 1025, $1,90.Ginn and CO.
45. SwENsos, High Reboot Mathematics, by John A. Swenson, Headof Math. Dept., Wudleigh High School, New York City. 410p,1023, $1.40. Macmillan Co.

PRACTICAL MATHEMATICS
40. BAram. Applied Mathematics, by Eugene H. Barker, Prin.,Santa Itosa High School, Calif. 225p, 1920, 03c. Allyn and Bacon,47. BRYANT. Introduction to Practical Mathematics, by V. SeymourBryant. 00p, 1923, SSc. Oxford Univ. Press.
48, OBERG. Arithmetic, Elementary Algebra and Logarithms, byErik Oberg, Editor of Machinery. 121p, 1021, $1.00. IndustrialPress.
40. WENTWOBT/T, SMITH, HARPER. MaChttleShOp Afathefflatirif, byGeorge Wentworth. Da% id Eugene Smith, and Herbert I). Harper,Inst. in Marro Hill Vocational School, New York City. 102%1022, $1.20. Ginn and Co.
50. WENTWORTH, SMITH, HARPER. FURdaMeRIala of Practical Mathe-matics. 202p, 1022, $1.20. Ginn and Co.

ALGEBRA I
51. BAKER. First Rook in Algebra, by Howard Bates Baker, LincolnHigh School, Jersey City, N. J. 316p, 1024, $1.32. D. Apple-ton and Co.
52. BARBER. Everyday Algebra, by Harry C. Barber, Inst, of Math.in the English High School, and Eliot Intermediate School,Boston. and Supervisor of Math. in the Public Schools in New-ton, Mass. 372p, 1925, $1.24. Houghton Minna Co.53 Drurt.i., Anxmo, First hook in Algebra, Enlarged Ed., by FletcherDurell, Head of Math. Dept., Lawrenceville School, N. J., andE. E. Arnold, Supt. of Public Schools of Pelhams, N. Y. 354p,1924, $1.:12. Charles E. Merrill and Co.54. EDOERTON, CARPENTER. First Course in Algebra, by Edward I.Edget ton, Dickinson High School, Jersey City, N. J., and PerryA. Carpenter, West High School, Rochester, N. Y. 300p, 1023,00c. Allyn and Bacon.

55. IIAWKER, Lrav, TOUTON. Kew First Course in Algebra, by Her-bert E. Hakes. Prof. of Math. and Dean of Columbia College,Columbia Univ., Wm. A. Luby, Head of Math. Dept., JuniorCollege, Kansas City. Mo.. and Frank C. Touton, Prof, of Ed.,Univ. of S. Calif. 301p, 1925, $1,24. Ginn and Co.
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50. HOPKINS, UNIMWOOD. Elementary Algebra, by John W. Hopkins,
Supt. of Schools. Galveston, Texas. and P. H. Underwood, Inst.
of Moth.. Mil High School, Galveston, Texas. 838p, 1924, $1.00.
Macmillan Co.

57. Jon xsox, MIXT-MR. Introductory Algebra, by Allen Johnson,
Head of Math. Dept., Barringer High School. Newark, N. J., and
Arthur W. Belcher. Head of Math. Dept., East Side Com. and
Manual Tr. High School, Newark, N. J. 389p, 1024, $1.28. V.
M. Ambrose Co.

63. LYUAN, DARNELL. Elementary Algebra, First Course, by Elmer
A. Lyman, Prof. of Math.. Mich. State Normal College, Ypsilanti.
Mich., and Albertan Darnell. Asn't Dean and Head Of Moth.
Dept., College of the City of Detroit. 332p, 1924. American
Book Co.

N. MILNE, DOWNEY. First Year Algebra, by Wm. J. Milne, late
Pres. New York State College for Teachers, Albany. N. Y., and
Walter Downey, Head Master English High School, Boston.
510p, 1924. American Book Co.

60. NEWELL, HARPER. A Year of Algebra, by Marquis J. Newell, Inst.
of Math., High School. Evanston. Ill.. and George A. Harper,
New Trier Twp. High School, Kenilworth, Ill. 218p, 1920, 51.20.
Row Peterson and Co.

el. NYBERG. First Course in Algebra, by Joseph A. Nyberg, Inst. in
Math., Hyde Park High School, Chicago, Ill. 330p, 1024. Amer-
ican Book Co.

03. RvslluER, DENCE. nigh School Algebra, by C. E. Rushmer,
Central High School. Binghamton, N. Y., and C. J. Deuce, Central
High School, Syracuse, N. Y. 400p, 1923. American Book Co.

03. BCHORLING, CLARK. Modern Algebra. 382p, 1024, $1.30. World
Book Co.

64. &FIDDLING, CLAIM LINDELL. Thittritetf01101 Tests in Algebra. 72p,
1925, 30e. George Wuhr, Publisher, Ann Arbor, Mich.
RCIII/LTZE, BRECKENRIDGE. Elementary Algebra, Rev. Ed., by
Arthur Schultze. late Head of Math. Dept.. High School of Com.
theme, New York City, and Wm. B. Breekeuridge, Head of Math.
Dept., Stuyvesant High School, New York City. 334p, 1925,
$1.20. Macmillan Co.

60. SMITH, REEVF.. Essentials of Algebra, Rook 1, by David Eugene
Smith, and Wm. D. Reeve. 360p, 1924, $1.24. Ginn and Co.

67. SMITH. REEVE. Essentials of Algebra, New York Edition. 400p,
1924, $1.24. Ginn and Co.

68. STONE, HART. Stoeilart Elementary Algebra, by John C. Stone,
Head of Math. Dept.. State Normal School. Montclair. N. J., and
Howard F. Hart. 1-lead of Math. Dept.. Junior and Senior High
Schools, Montclair, N. J., 319p. 1924, $1.28. B. II. Sanborn and
Co.

(19. SYKES, Coms Tom. Be/inners' Algebra, by Mabel Sykes. Inst. in
Math., Bowen High School. Chicago, and Clarence B. Comstock,
Prof. of Math.. Bradley Polytechnic Institute, Peoria, Ill. 303p.
1922, $1.23. Rand McNally and Co.
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ALGEBRA I.
70. Tun mut. Exercise Rook in Algebra, by Oswald Turner, Inst. in

Math.. Phillips Academy, Andover, Mass. 182p, 1922, $1.24. D.
C. Heath.

71. WELLS. HART. Modern first Tear .4/gehra, by Webster Wells,
former Prof. of Math.. Moss. Institute of Teeh.. and Walter W.
Hart. Ass't. Prof. of Math.. linty. of Wis. 338p, 1923, $1.28.
D. C. Heath and Co.

72. We Lt.s, Aicr. Modern High School Alyebra. 402p, 1923, $1.60.
I lentil.

73, W'inotrr AND OTI1ER9. First Year Algebra, by Herman IL Wright
and others. 270p, 1923. $1.28. F. M. Ambrose Co.

ALGEBRA IL
'74. DECKER. Second Year Algebra, by Floyd Fiske Decker, Syracuse

Univ. 172p. 1923, $2.50. The Author. Syracuse Univ., N. Y.
75, Dram, Ammo. Second Book in Algebra, Enlarged Ed. 333p,

1924. $1.48. C. E. Merrill Co.
70. EDGERTON. CARPENTER. Second Course in Algebra. 399p, 1924,

$.90. Allyn and Bacon.
71. MIT.Kr. DowNEv. Second Course in algebra. 360p, 1924,

American Book Co.
78. Nmvicia.. TIAncEn. A Second Course in Algebra. 137p, $1.00.

Row. Peterson and Co.
70. SMITH, REEVE. Essentials of Algebra, Rook Two. 274p, 1925,

$1.24. Ginn and Co.
80. Sr nes. COMSTOCK. A Second Course in Algebra. 370p, 1924, $1.50.

Rand McNally and Co.
81. WeLt.s. HART. Modern Second Course in Algebra, Regular Ed.

261p. 1924. $1.32. D. C. Heath and Co,
82, Wer.cs, HART. Modern Second Course in Algebra, Enlarged Ed.

386p, 1924, $1.56. D. C. Heath and Co.

ALGEBRA I AND II.
83. MILNE, DOWNEY. Standard Algebra. 496p, 1924. American Book

Co.
84. NEVEET.D. Elementary Algebra. Complete Course, by J. L. Neufeld,

Central High School, Philadelphia. 383p, 1920, $1.45. Blakiston.
85. Newet.t. HARPER. Combined Course in Algebra. 408p, 1920, $1.40.

Row. Peterson and Co.
86. Scurl.TZE. BRFCKENRIO0E. Elementary and Intermediate Algebra,

401p. 1925, $1.60. Macmillan Co.
87. SMITH, REEVE. Essentials of Algebra, Complete Course. 588p,

1924, $1.56. Ginn and Co.

PLANE GEOMETRY
88. AVERY. Plane Geometry, by Royal A. Avery, North High School,

Syracuse, N. Y. 326p, 1925, $.93. Allyn and Bacon.
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89, DRELL, Aas,n.). New Plane Geometry. 327p, 1924, $1,50. C. E.
('o.

90, HAwxxs, LCHY, TOUTON. Plane Geometry. 305p, 1020, $1.32.
Ginn Ethel Co.

91. Wm* HARPER. Plane Geometry, 238p, 1920, $1.20. Row,
Peterson and CO.

92. PALMER. TAYLOR, FARNUM. Plane Geometry, by C. I. Palmer,
Associate Prof. of Math.. Armour Institute of Tech., Chicavo,
Daniel P. Taylor. Head of Math. ept.. San Diego. Cal., and Eva
C. Forum% Head of Math. Dept., Manual Arts High School,
Los Angeles. Cal. 352p. 1924, $1.20. Scot, Foresworn' and Co.

93. PALMER. Handbook for Plane Geometry. 101p, 1923, $250.
Scott. Foresail= and Co.

fn. PAnalxsox, PuEssLANa. A Primer of Geometry, by W. Parkinson,
and A. J. Pressland. 240p, 1923. $1.50. Oxford Univ. Press.

95. PYLE. Plane Geometry, Preliminary Ed., by John 0, Pyle, Nat.
of Math.. Harrison Tech. High School, Chicago. 172p, 1924,
Blakiston.

96. SEYMOUR. Plane Geometry, by Eugene Seymour, Supervisor of
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